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Abstract

In this paper,we introduce a new class of function called d-I-proper
function and explain some of propositions,theorems and some equivalent
statements of this function .
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1- Introduction:

Let A be a subset of a topological space (X,T).The d-interior of a subset A
of X is the union of all regular open (R-open) sets of contained in A and is
denoted by Ints(A) [7] . The subset A is called 6-open if A=Ints(A) (i.e. a set
A is d-open if it is the union of regular open sets )[7] .The complement of a
o-open set is called o-closed . Alternatively , a set Ac(X,T) is called o-
closed if A=Cls(A), where Cls(A)={xeX:Int(Cl(U))NA=J, UeT and
xeU}[1].The family of all -open sets forms a topology on X and denoted by
Ts .Since the intersection of two regular open sets is regular open , the
collection of all regular open sets forms a base for a coarser topology Ts than
the original one T . A basic facts are that Ts= Ts and every clopen set is
regular open set [7] . In a topological space (X,T), let / an ideal of subsets of
X .An ideal is defined as a non-empty collection / of subsets of X satisfying
two conditions : 1) If Ae/ and BCA , then Be/ ; 2) If Ael and Bel , then
AUBEe/! A topological (X,T) with an ideal I on X is called ideal topological
space and denoted by (X,T,/) . For a subset AcX , A*={xeX:UNAgl, UeT
and xeU} is called the local function of A with respect to I and T [3] .For
each ideal topological space (X,T,]) , there exists a topology T* finer than T ,
generated by B(/,T)={U\l.UeT and I€/}, but in general is not always a
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topology [2].Additionally , CI*(A)=AUA* defines a Kuratowiski closure for
T*and Tc T*.

1-1 Definition[9] : A subset A of an ideal topological space (X,T,/) is said to
be an R-I-open set if Int(C1*(A))=A .We call a subset A of X R-I-closed if its
complement is R-I-open .

1-2 Definition[9] : Let (X,T,/) be an ideal topological space , S a subset of X
and x is a point of X .

1- x is called a &-I-cluster point of S if SNInt(CI*(U))#< for each open
neighborhood x ;

2- The family of all o-I-cluster points of S is called the 6-I-closure of S
and is denoted by [S]s.1and

3- A subset S is said to be 6-I-closed if [S]s.1=S . The complement of a d-
I-closed set of X is said to be ,6-1-open .

4- [S]s.11s O-I-closed .

1-3 Definition :Let A be a subset of an ideal topological space (X,T,/) .A
point xe A 1is called o-I-interior point of A if there exists a R-I-open set U in
X such that xeUcA . The set of a o6-I-interior points of A is called 5-I-interior
set and its denoted by Ints.1(A) .

1-4 Proposition : Let (X,T,/) be an ideal topological space ,AcX then A is a
d-I-open if and only if A= Ints.1(A) .

Proof : —) Let A be a 6-I-open
(1) Ints1(A)cA (by Def)

(2) Let xeA , if xg Ints.(A)=for each R-I-open U and xeU then
UNA’~ @ = xe[ A%Ysa = xe A° C! (A°=[ A% s)

Hence by (1) and (2) A= Ints.1(A) .
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(< Let A= Ints1(A)

(1) Let xe([ A°] s1)° < x¢[ A°] s.<>there exist a R-I-open U and xeU
such that Un A= < xeUcA <xe Ints.ai(A) < xeA.Hence A= ([ A°] s1)°
and A is a d-I-open

1-5 Theorem|9]: Let (X,T,/) be an ideal topological space and Ts.={AcCX:A
is a o-I-open set of (X,T,/) .Then Ts.1 is a topological space s.t Tsc Ts.
icT.

1-6 Proposition : Let (X,T,/) be an ideal topological space ,AcX then :

1) If A is clopen set,then it is 6-I-clopen.
i1) If A is 8-I-closed set,then it is closed.

mi) If { Ax | AeA } is a family of o-I-closed(i.e. [ A] 51 =A) , then
Nyeca Ajis d-I-closed .

v) If A is R-I-open set,then it is open.

Proof :

i) Let A be is clopen = A° clopen = A= Int(CI(A)) and A° = Int(CI(A®)).
For each xe A =xeInt(A)cInt(CI*(A))cInt(Cl(A))c A = A is 8-I-open .

For each xeA® =xelnt(A%)cInt(ClI*(A%))cInt(CI(A®)c A° = A° is §-I-
open= A is d-I-closed .Hence A is d-I-clopen.

i1) Clear .

ii1) Suppose that{ Ax| AeA} is a family of d8-I-closed,then { A | A€A } is a
family of 8-I-open .But Ts.1 is topology then Lzrea AL is 8-I-open and hence
MieA Ay is 8-I-closed .

v) Let A= A= Int(CI*(A))
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1- Int(A)cA

2- Let xeA ,if xg Int(A), since Int(CI1*(A))cA = Int(Int(CIl*(A)))c Int(A)=
Int(Cl*(A))cInt(A)= x¢ Int(CI*(A))= x¢gA C! = xe Int(A). Hence by (1)
and (2) A is open set .

1-7 Lemma: Let (X,T,/) be an ideal topological space and A , Y subsets of X
such that AcY.Then A is R-I-open in (Y,Ty,ly) if and only if

A= Int(CI*(A))NY .

1-8 Proposition : Let (X,T,/) be an ideal topological space A , Y subsets of X
such that AcCY .Then if A is d-I-closed in (X,T,/),then A is &-I-closed in
(Y, Ty.Iy).

Proof : Let A be 8-I-closed in (X, T,/),then A® is 8-1-open .

For each xe A® ,there exists R-I-open U in X such that xeUcA® =UNA=0
=UNANY )= =(UNY)NA=J =(UNY)c A® .By Lemma (1-7),UNY is
R-I-open in Y and A° is 8-I-open in Y .Hence A is 8-I-closed in (Y, Tv,ly).

1-9 Definition : Let (X,T,/) be an ideal topological space , AcX . A R-I-
neighborhood (R-I-nbd) of A is any subset of X which contains a R-I-open
set containing A. we denote the collection of all R-I-neighbor-hoods of x
belong to y Nr-i(X).

1-10 Definition : Let (ya)dep be a net in a space X, x € X . Then :

§-1
(1) (xd)dep is O-I-converges to x [written y¢g —— x] , if (Yd)dep iS
eventually in every R-I-nbd of x . The point x is called a -I-limit point of

(d)deD -

(i1) (xa)dep 1s said to have x as a o-I-cluster point [written yg Xg5_; x] if
(xd)dep is frequently in every R-I-nbd of x .

1-11 Remarks : Let (X,T,/) be an ideal topological space, then :
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51
(1) If (xq) isanetin X, x € X such that yg — x then yg —— x..

(i1) If (ya) is anet in X , x € X such that yg oc X then yg Xg_; X .

8-1
(ii1) If (xq) isanet in X , x € X . Then yg — x in (X ,T, /) if and only if
x¢ — x.in (X, Tsq,l),and ya Xs_; xin (X, T, ]) if and only if ¥4 oc X in
(X, Tou, 1) .

1-12 Theorem [6] : A space X is compact if and only if every net in X has a
cluster point in X .

1-13 Definition : An ideal topological space (X,T,/) is called o-1-
compact if every o-I-open cover of X has a finite subcover .

1-14 Proposition : Let (X,T,/) be an ideal topological space and A < X, x
€ X . Then x €[A] s if and only if there exists a net (d)dep in A and x4
Xs_1X.

Proof :

—) Let x € [A] 51, then UNA # O , for every R-I-open set U , x € U .
Notice that (Nr-i(X) , ©) is a directed set , such that for all U; , U> € Nr-i(x)
, U1 > Uz if and only if U; < Uz . Since for all U € Nry(x) ,UNA # @, then
we can define a net  : Nr.(x) — X as follows : y(U)=yuv e UNA U €
Nr-1(x). To prove that yu Xg_; x .Let B € Nr.i(x), thus BNU € Ns.i(x). Since
BNU c U, then BNU > U, y(BNU) =ysnu € BNU < B . Hence yu Xg_; X .

(« Let (ya)dep be a net in A , such that yq «5_; x , and let U be a R-I-open
set ,x € U. Since ya Xg_1 X, then (ya)dep 1s frequently in U . Thus UNA =0 ,
for all R-I-open set U, x € U. Hence x €[A] 51 .

1-15 Remark :The space (X,T,/) is 6-I-compact if and only if the space
(X, Tsx, ) is compact .

1-16 Remark : Every compact space is 6-I-compact space .
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1-17 Theorem [10] :

(1) A closed subset of compact space is a compact .

(i) In any space, the intersection of a compact set with a closed set is
compact .

(111) Every compact subset of T2-space is a closed .

1-18 Proposition : Every &-I-closed subset of d-I-compact space is a 6-I-
compact.

Proof :Let A be d-I-closed in a d-I-compact space (X,T,/) . By Remark (1-
15) A is closed in a compact space (X , Ts.1, /), by Theorem (1-17) A is a
compact . hence A is d-I-compact in (X,T,/) .

1-19 Proposition : An ideal topological space (X, T,/) isd-I-compact if and
only if every net in X has d-I-cluster point in X.

Proof :

—) Let (X,T,]) be a 8-I-compact space and (yd)dcp be a net in X , then by
Remark (1.15) , (X, Tsa, /) is a compact space . Then by Theorem (1.12) ,
the net (Yd)dep has cluster point x in (X, Ts.1, /), then by Remark (1.11.1i1) , x
is a o-I-cluster point of the net (ya)dep (i.€. aXs_;x).Hence every net in X
has 6-I-cluster point in (X,T,/) .

«) Let every net in X has o-I-cluster point in (X,T,/) , then by Remark
(1.11.ii1) , every net in X has cluster point in (X , Ts.1, /) .Then by Theorem
(1.11) , (X, Ts1, 1) is a compact space , therefore by Remark (1.15) , (X,T,/)
is a 0-I-compact space .

1-20 Definition : Let X be a space and W < X . We say that W is compactly
o-I-closed set if WNK is 8-I-compact , for every o-I-compact set K in
X.
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1.21 Proposition : In any space X :

(1) the intersection of a o-I-closed set with a 6-I-compact set is a o-I-
compact set .

(i1) Every o-I-closed subset of a space X is compactly 6-I-closed .
Proof :

(1) Let (X,T,]) be an ideal topological space and A,B are 8-I-compact and 6-
I-closed , then A,B are compact and closed in (X, Ts.i, /). By Theorem
(1.17.11) AnB is compact . Hence AnB is é-I-compact in (X,T,/).

(i1) Let A be a 6-I-closed subset of a space X and let K be a o-I-compact
set in X . Then by Proposition (1.21.1) , ANK is a o-I-compact.Thus A is
compactly o-closed set .

1-22 Remarks :

(1) Every o-I-closed subset of a compact space is o-I-compact .
(i1) Every o-I-compact subset of a T2-space is 6-I-closed .
Proof :

(1) By Remark (1-16) and Proposition(1-18).

(i) By Remark (1-15) and Theorem (1-17-ii1).

1-23 Theorem : Let X be a Tz2-space . A subset A of X is a compactly o-I-
closed if and only if A is a &-I-closed set .

Proof :

—) Let A be a compactly d-I-closed set in X, since Ac[A]s1 and let x

€[A]s1 . Then by Proposition (1.15), there exists a net (d)dep in A , such
§-1
that xyg¢ —— x . Then F = {y4 , x} is a o-I-compact set . Since A is

compactly o-I-closed , then ANF is a 6-compact set . But X is a Tz2-space ,
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§-1
then by Remark (1.22.11) , ANF is a -I-closed set . Since y¢ —— x and Yg4
€ ANF, then by Proposition (1.15) , x € ANF = x € A . Hence [A]s1C A,

therefore A is a 0-I-closed set .

<) By Proposition (1.21.ii) .

1-24 Proposition :Let (X,T,/) be a compact, T2-space and A < X. Then :

(1) A is closed if and only if A is &-I-closed .
(i1) A is compact if and only if A is 6-I-compact .
Proof :

(1) —) Let A be a closed set in X . Since X is a compact space , by Theorem
(1.17.1) , A is a compact set , so its d-I-compact set . Now ,Since X is a Tz-
space , then by Remark (1.22.i1) , A is a d-I-closed set in X .

(< By Proposition (1.6.11) .
(i) —) Clear, since every compact set is 0-I-compact .

(«— Let A is o-I-compact set in X . Since X is Tz2-space , then by Remark
(1.22.11) , A is a o-I-closed set in X , and then it’s a closed set . Since X is a
compact space , then by Theorem (1.17.1) , A is a compact set in X .

1-25 Definition : A function f :X — Y is called a d-I-closed function if the
image of each closed subset of X is a -I-closed setinY .

1-26 Proposition : Let X and Y be an ideal topological spaces , f : X — Y be
a o-I-closed function of X into Y . Then for each clopen subset T of Y , fr1:
f(T) — T is a 8-I-closed function .

Proof : Let F be a closed subset of f/(T) . Then there is a closed subset F; of
X, such that F = FiNfX(T) . Since fr(F) = f(F1)NT , and f(F)) is a 8-I-closed
in Y and T is clopen in Y then by proposition (1.6.1)and (1.6.ii1), f(F)NT is
o-I-closed in Y.By proposition (1.8) f(F)NT is o-I-closed in T . Thus fris a
o-I-closed function .
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1-27 Proposition :Let X , Y and Z be an ideal topological spaces , f : X —
Y be a closed function and g: Y — Z be a 8-I-closed function then gof : X
— Z is a d-I-closed function .

Proof : Let F be a closed subset of X, then f(F) is closed setin Y . Butgis a
o-closed function , then g(f(F)) = (gof)(F) is a 8-I-closed set in Z . Then gof
: X — Y is a o-I-closed function

1-28 Definition : Let X and Y be an ideal topological spaces . We say that
the function f : X — Y is a d-compact function if the inverse image of each
o-compact set in Y, is a compact set in X.

1-29 Definition : Let X and Y be an ideal topological spaces and f:X
— Y be a function , then f is called §-I-irresolute function if f'(A) is a §-I-
open set in X for every 6-I-openset AinY .

2- 5-I- Proper Function :

In this section, we introduce the definition of 3-I-proper function and study
the relation between this type of maps and certain types of functions,such
as(0-I-closed mapping and d-I-compact mapping ).

Now we review some basic definitions , propositions and theorems about
proper function.

2-1 Proposition [1] : Let X and Y be spaces , and f : X — Y be a function .
Then f is called a proper function if :

(1) f is continuous function .
(1) f xIz: XxZ —Y x Zis closed , for every space Z .

Clearly , every proper function is closed function, and every
homeomorphism is a proper function.
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2-2 Proposition [1] : Let X and Y be spaces and f : X — Y be a continuous ,
one to one, function . Then the following statements are equivalent :

(1) f is proper .
(ii) f is closed .
(ii1) f is a homeomorphism from X onto a closed subspace of Y.

2-3 Proposition [1] : Let X and Y be spaces , and f : X — Y be a proper
function . If T is a subset of Y , then fr: f!(T) — T is a proper function .

2-4 Proposition [1] : A space X is compact if and only if the function f : X
— P={w} is proper, where w any point which does not belong to X .

2-5 Theorem [1] : Let f :X — Y be a continuous function . Then the
following statements are equivalent :

(1) f is a proper function .
(ii) f is a closed function and f'({y}) is compact for eachy €Y.

(111) If (ya) isanet in X and y € Y is a cluster point of the net f(xaq),then there
is a cluster point x € X of (y4),such that f(x) =y .

2-6 Definition : Let X and Y be an ideal topological spaces ,and f:X —
Y be a function . Then f is called a 8-I-proper function if :

(1) f is continuous .
(1) f xIz: XxZ — Y x Zis 6-I-closed , for every space Z .

2-7 Example :
2-8 Remarks :

(1) Every o-I-proper function is 6-I-closed .

(i1)Every o-I-proper function is proper .
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2-9 Proposition : Let X and Y be an ideal topological spaces ,and f: X —
Y be a &-I-proper function . If T is a clopen subset of Y , then fr: f}(T) —
T is a 6-I-proper function .

Proof :Since f : X — Y is a continuous function , then fr is a continuous
function . To prove that frxIz : f(T)xZ — TxZ is a 8-I-closed function , for
every space Z . Notice that frxIz = (fxIz)txz . Since T is a clopen subset of
Y and Z is clopen set then, TXZ is a clopen subset of YxZ , thus by
Proposition (1.23) , (fxIz)txz = (frxIz) is a o-I-closed function , hence fr:
f(T) — T is a 8-I-proper function .

2-10 Theorem : Let X and Y be spaces , and f : X — Y be a continuous
function . Then the following statements are equivalent :

(1) f is a o-I-proper function .
(i) f is a &-I-closed function and f!({y})is compact for each yeY .

(111) If (xd)depis anet in X and y € Y is a d-I-cluster point of f(q) , then
there is a cluster point x € X of (ya)dep , such that f(x) =y .

Proof :
(i—ii).

Let f: X — Y be a &-I-proper function , then fxIz : XXZ — YXZ is a §-
I-closed for every space Z . Let Z = {t}, then XxZ = Xx{t} = X and YXZ=
Yx{t} =Y, and we can replace fxIz by f, thus f is o-I-closed . Now, let y
€ Y . Since f is a o-I-proper , then by Remark (2.8.i1) , f is proper function
, 50 by Theorem (2.5),  f!({y})is compact foreach y e Y.

(ii —> iii).

Let (ya)aepbe anetin X and y € Y be a d-I-cluster point of a net f(q) in
Y.

Assume that f1(y) 0 ,if fi(y)=0 ,theny ¢ f(X) —y € (f(X))°, since X
is a closed set in X and f is a d-I-closed function , then f(X) is a 6-I-closed
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UUxz ... UUxathen f(y) () [UL, U J* =0 = /() N [N, Ug ]
= . But (Xj)iea 1s not frequently in Ux; ,v 1 =1, ... , n. Thus (ya) is not
frequently in UL, Uy, , but UL, Uy is an open set in X, then NiL; Uy, is a
closed setin X . Thus f(NiL; Ug)is a 8-I-closed setin Y .

Suppose y ¢ f(Ni1Ug) , if y € f(N{L; Ug) , then there exists X
eNiL, Uy, , such thatf(x) =y, thus x ¢ UL, Uy, , butx € f'(y), therefore /-
!(y) is not a subset of UL, Uy, , and this is a contradiction . Hence there is an
R-I-open set A in Y , such that y € A and Anf(NIL, Ug) =0 = f(A)N f
L UE) =0 = fAA)N [N, U5]1=0 = f'(A) c UL, Uy . But
(f(xa))is frequently in A , then (ya)is frequently in f'(A) , and then (ya) is
frequently in UL, Uy, . This is contradiction , and this is complete the proof

(111 — 1) Let Z be any space . To prove that f : X — Y is a o-I-proper
function , i.e , to prove that fxIz : XXZ — YxZisa  o-I-closed function .
Let F be a closed set in XxZ . To prove that (fxIz)(F) is a d-I-closed set in
YxZ Let (y,z)e [(f X 1,)(F)]sa1, then by Proposition (1.14) ,there exists a
net {(yda, zd)}dep in (fxIz)(F) such that (yq, z4) Xg_1 (y,2) , then (yq, z4) =
((fxIz)(xd, ya)) , where {(Xd, ya)}dep 1s a net in F . Thus (f(Xd) ,Iz(zd)) Xs_;
(v,2) , s0 f(xd4) Xg_1y and z¢ Xg_; z. Then by (iii),3 x € X, such that x4 oc
x and f(x) =y ,Since (X4, zd) < (x,z) and {(Xd, Zd)}dep 1S a net in F , thus
(x,y)eCI(F) .

Since F=CI(F),then (x,y) € F =(y,2)=((f*12)(x,y))=(y,2)e(f*1z)(F) , and
then [(f X I,)(F)]sa1 = (fxIz)(F) , thus (fxIz)(F) is a &-I-closed set in YXZ .
Hence
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fxlz : XXZ — YxZ is a d-I-closed function , hence f : X —» Y is a o-I-
proper function .

2-11 Theorem : Let f : X — P = {w} be a function on a space X .Then f'is -
I-proper if and only if X is a compact space, where w is any point which
does not belong to X .

Proof :

—) Let f: X — P = {w} be a o-I-proper function on X , then by Remarks
(2.8.11), f is a proper function. By proposition (2.4) , X is a compact set .

(<« Let X be a compact space . Since P is a single point , then f is a
continuous function. To prove that f : X — P = {w} is a d-proper function:

(i) Since f!(P) = X , then f'(P) is a compact set .

(i1) Let F is a closed subset of X, then either: f(F) =@ or f(F) = {w} . So
f(F) is o-I-closed in P , then f is a &-I-closed function . Thus by Theorem
(2.10), f is a o-I-proper function.

2-12 Proposition : Let X and Y be spaces . If f : X > Y isa o-I-proper
function,then fyy; :f1({y}) — {y} is a &-I-proper function,for all yeY .

Proof : Since f : X — Y is a 8-I-proper function , then f!({y}) is compact
for each yeY . Since {y} is a single point , then by Theorem (2.10) ,fy; : f°
'({y}) — {y} is a 8-I-proper function.

2-13 Proposition : Let X , Y and Z be spaces . If f : X — Y is proper and g :
Y — Z is a §-I-proper function, then gof : X —» Zis a o-I-proper
function .

Proof : To prove that gof : X — Z is a 8-I-proper function:
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(1) Since f :X — Y is a proper function, then f is closed . Similarly , since g
:Y — Zis a d-proper function , then g is d-I-closed . Thus by Proposition
(1.27), gof : X — Z is a 8-I-closed function .

(ii) Let z € Z , then g’'({z}) is a compact set in Y,and then fig
'({z}) =(gof)'({z}) is a compact set in X . Therefore by (i) , (ii) and since
gof is continuous then by using Theorem (2.10) , gof is a o-I-proper
function .

2-14 Proposition : Let X, Y and Z be spaces,and f: X > Yandg: Y - Z
be continuous functions, such that gof : X — Z is a é-I-proper function . If
f is onto , then g is a 8-I-proper function.

Proof :

(i) Let F be a closed subset of Y,since f is continuous,then f!(F) is closed in
X . Since gof is a d-proper function , then gof(f"!(F)) is 8-I-closed in Z . But
fis onto , then gof(f'(F)) = g(F).Hence g(F) is a &-I-closed set in Z . Thus
g is a 8-I-closed function .

(i1) Let z € Z , since gof is a o-I-proper function, then by Theorem (2.10) ,
the set(gof)'({z}) = f'(g'({z})) is compact . Now , since f is continuous ,
then f(f(g'({z}))) is compact set , but f is onto , then f(f'(g'({z})) =g
({z}) is compact for every z € Z . So by Theorem (2.10) , the function g is
o-I-proper .

2-15 Proposition : Let X, Y and Z be spaces,and f : X —> Y, g:Y
— Z be continuous functions,such that gof : X — Zis a o-1-
proper function . If g is one to one ,0-I-irresolute function then f is a o-I-
proper function.

Proof :

(1) Let F be a closed subset of X . Then (gof)(F) is an o-I-closed set in Z .
Since g : Y — Z is one to one , 8-I-irresolute function, then g''(g(f(F))) =
f(F) is o-I-closed in Y . Hence the function f: X — Y is o-I-closed .

1396



&
G, ISsN: 42171994 &
Cor. S

haai) g daals [ Ay 1 436 lall A gall alall paigal)

(i) Lety € Y, then g(y)eZ.Since gof : X — Z is o-I-proper and g is one to
one,then the set (gof)'(g({y})=f"(g"(g({y})) = f'({y}) is compact,for
every yeY. Therefore by Theorem (2.10),the function f: X —>Yis o-I-
proper.

2-16 Proposition :L.et X , Y and Z be spaces , f : X — Y be a continuous
function and g : Y — Z be a é-I-irresolute function,such that gof : X — Y is
a o-I-proper function.If Y is a T2-space,then f is 8-I-proper .

Proof : Consider the commutative diagram :

W
X > XxY
f J (gof)xly
Y > IxY
K

y(x) = (x,f(x)) and K(y) = (g(y), y) . Since Y is Tz2-space , then the graph of
v is closed in XxY [1, Proposition .5.P.99] , and since y is one to one , then
by Proposition (2.2),y is a proper function . We have (gof)xIz is o-I-proper,
then by Proposition (2.13),((gof)*Iz)oy is é-I-proper . But ((gof)*xIz)oy =
Kof , so that Kof is o-I-proper . Since g is a d-I-irresolute function , then K
is o-I-irresolute . Therefore by Proposition (2.15) , f is a d-I-proper function

2-17 Corollary : Every continuous function of a compact space X into a Tz-
space Y is o6-I-proper .

Proof :Let f : X — Y be a continuous function .To prove that f is  o-I-
proper . Let g: Y — P be a function (where P is a singleton set) , since X is a
compact space , then by Theorem (2.11) , gof : X — P is 8-I-proper . Since
Y is a T2-space, then by Proposition (2.16), f is 6-I-proper function .
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2-18 Proposition : Let f : X — Y be a o-I-proper function , then fxIz: XxZ
— YXZ is a o-proper function , for every space Z .

Proof : Since f is o-I-proper function , then fxIw is a d8-I-closed function ,
for every space W . Notice that fxIzxIw = fxIzxw , but fxIzxw is a 6-I-closed
function , then fxIzxIwis &-I-closed , for every space W . Hence fxIzis o-I-
proper function .

2-19 Proposition :L.et X be a compact space and Y be any topological space
, then the projection function Pr; : XXY — Y is -I-proper .

Proof : Consider the commutative diagram :

XY > {p}xY

Where h : {p}*xY — Y is the homeomorphism of {p}xY onto Y , such that
peX and Prz : XXY — Y is the projection of XxY into Y . Since X is a
compact space , then by Theorem (2.11), f : X — {p} is é-I-proper and Iv :
Y — Y is a proper function , then by Proposition (2.18) , fxIy is a o-I-
proper function . Hence ho(fxly) is a &-I-proper function , but Pr =
ho(f*Iy) , then Prz is a 8-I-proper function .

2-20 Proposition : Let X and Y be spaces . If f: X —> Y isa o-I-proper
function , then f is a 8-I-compact function .

Proof : Let A be a d-I-compact subset of Y . To prove that f'(A) is a
compact set in X , let (ya)dep be a net in f'(A) , then f(yq) is a net in A .
Since A is a d-I-compact set in Y , then by Proposition (1.14) , there y €A ,
such that y is a é-I-cluster point of f(yq4). Since f is o-I-proper , then by
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Theorem (2.10) , there exists x € X , such that x is a cluster point of(y4)and
f(x) =y .Thenx € f(A). Thus every net in f!(A) has cluster point in itself
, then by Theorem (1.12) , f!(A) is a compact set in X . Therefore f : X — Y
is a 0-I-compact function .

2-21 Theorem : Let X and Y be spaces , such that Y is a Tz2-space . If f : X
— Y is a continuous function , then f is a 8-I-proper function if and only if
f is a 8-I-compact function .

Proof :
—) By Proposition (2.20) .
«) To prove that f is a 6-I-proper function :

(1) Let F be a closed subset of X . To prove that f(F) is a o-I-closed set
inY, let K be a 8-I-compact set in Y , then f'(K) is a compact set in X ,
then by Theorem (1.17.ii) , FNf"}(K) is compact in X . Since f is continuous
, then f(FNf(K)) is compact set in Y , and then its §-I-compact . But
FENFYK)) = f(F)NK , then f(F)NK is 8-I-compact , thus f(F) is compactly
0-I-closed set in Y . Since Y is a Tz2-space , then by Theorem (1.23), f(F)isa
o-I-closed set in Y. Hence f is a 6-I-closed function .

(i) Lety € Y, then {y} is 6-I-compact in Y . Since f is a o-I-compact
function , then f'({y}) is compact in X , therefore by Theorem (2.10),f is a
o-I-proper function .

2-22 Theorem : Let f : X — P = {w} be a function on a space X , where w is
any point which does not belong to X , then the following statements are
equivalent :

(1) f is a 6-compact function .
(i1) f is a d-proper function .
(iii) f is a proper function .

(iv) X is a compact space .

1399



&
G, ISsN: 42171994 &
Cor. S

Jac) g Aaala [ A il A4S shlad) Aol alal) yaigall

Proof :
(1 — ii).

By Theorem (2.21) .
(i1 — iii).

By Remark (2.8.11) .

(il — 1iv).
By Proposition (2.4) .
(iv —1).
Since f!(P) = X and X is a compact space , then f is a o-I-compact
function .

2-23 Theorem : Let X and Y be spaces , such that Y is a compact , Ta-
space and f : X — Y be a continuous mapping , then the following
statements are equivalent :

(1) f is a proper function .
(i1) f is a compact function .
(ii1) f is a o-I-compact function .
(iv) f is a o-I-proper function .
Proof :
(i — 1i).
Let K be a compact set in Y . To prove that f'(K) is compact set in X .

Let fi: f'(K) — Kand g : K — P . Since f is proper , then by Proposition
(2.3), fx is proper and by Proposition (2.4) , g is a proper function , then by

1400



&
G, ISsN: 42171994 &
Cor. S

haai) g daals [ Ay 1 436 lall A gall alall paigal)

[8. Proposition 5 .P.99] , gofx : f1(K) — P is a proper mapping , so by
Proposition (2.4), f'(K) is a compact set . Hence f is a compact function .

(i —> ii).

Let H be a 8-I-compact set in Y . To prove that f'(H) is compact in X .
Since Y is a compact , Tz2-space , then by Proposition (1.24.i1)) , H is a
compact set in Y , then by (ii) , f'(H) is a compact set in X. Hence f is an
o-compact function .

(iii — iv) By Theorem (2.21).
(iv—1) By Remark (2.8.11) .
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