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ABSTRACT

In this paper a general superconvergence of nonconforming finite element
method for the second order elliptic problem is derived. In order to verify

and support the theoretical results numerical examples are given.
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1. Introduction

“The superconvergence of finite element (FE) solutions is an interesting and
useful phenomenon in the scientific computing of real world problems and
has become an area of active research in recent years” [4]. Wang [9]
proposed and analyzed the [.2—projection method for the least-squares
conforming finite element method on the second order elliptic problem.The
goal of this article is to derive a general superconvergence of
nonconforming FE with its application for elliptic problem by applying certain

postprocessing.
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The paper is organized as follows. In section two, we give a preliminaries

for the nonconforming finite element. In section three, we derived some
results to improve the existing accuracy with framework for the procedure
that we given in section two. Finally, in section four, several numerical
examples are tested to support and confirm the theoretical results derived in

section three.

2. Preliminaries

We shall consider the following elliptic problem with Dirichlet boundary

condition. This model problem seeks an unknown function u such that

—Au+u=f in Q 2.1
u=20 on 01, 2.2

where A is the Laplacian operator and f is a given function. Let () be an
open domain in R?with a Lipschitz boundary 9Q. Let HS(Q) be the
Sobolev spaces and their associated inner products (.,.)sq and norms ||
Msq. s = 0. Let L>(Q) be a coincides space of square integrable functions,
[4].

A variational formulation of (2.1)—(2.2) is to find u € Hj () such that
a(u,v) = (f,v) VveH] ),

where
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a(u,v) = (Vu, W) + (u,v) = [,Vu - Vvdx + [ u - vdx

Let 7;, be a partition of the domain Q into ) = Ukeg; - Suppose that Ty, is

quasiuniform, that is it the inverse assumption is satisfy and regular [&],

Let &, denote the union of the all boundaries of all elements K of 7}, and
€Y = £,N 00Q, the collection of all interior edges. Let e be an interior edge
shared by two elements K;and K, in Jj, let n; be unit normal vectors on e
pointing exterior to K, and n, be unit normal vector on e pointing exterior

to K, , see Figure 2.1.

Define the jump of a function v across an edge e as [v] = v|pk, — V]ok, -

The nonconforming FE space associated with the mesh 7j, is defined as

Vi, = {veL?(Q) : vlx € P(K),VK € T}, v is continuous at middle
point e € &), v(m) =0 such that m € 9Q }, see Figure 2.2.
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The nonconforming FE of (2.1) —(2.2) is to find uy, € V},
such that

ap(u,,v) =(f,v) VveV 2.3
where

ap(W,v) = Xes, [ VU © WX+ Yges, [ U - vdx.

Define the norm

1
||V||1,h = (ZKETh”V"iK)Z’

where

Ivilfx = jVV -Vvdx+Jv - v dx.
K K
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3. Superconvergence by L?—projection

The L?-Projection is a postprocessing technique defined by Wang [9] for
Galerkin methods. The idea is to project the FE solution to another finite
element space with a different mesh size. Let J. be a coarse mesh where

T > h. Suppose that T and h satisfying:

T=h" 3.1
with a € (0,1).

We will be seen that a plays an important role in the postprocessing. For
now, let V., c HS"2(Q), for the exact solution u. Define Q. to be the 12—

projectors from L?(()) onto the FE space V, .

We shall give the structure of the coarse mesh by [2—projection method.
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Figure 3.1, shows a FE discretization of ().
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Figure 3.1: Typical two dimensional discretization structure coarse mesh.

up ~ Qeup -
The L2-projection Q. uy, satisfying
(Qcup, v) = (up, v) vve V,
then we have
(up — Qeup,v) =0 VVE V.

Since V. defined as follows:
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V. = {veL?(Q):v|Ke P(K),VK € T;}.
So, v(x) =a; +a,x+azy+asx?+asxy+agy? a; €ER, i=1,..,6.
In order to compute the Q.uy, we first note that

(Qcup, @) = (up, @;), @i € P,(K) 3.2

where (p; is the hat basis function spanning V.. Further, expanding Q.uy,, it

can be written as the linear combination

Qeup = XL ¢ @5, 3.3

where Gj» is N unknown coefficients, and substituting 3.3 into 3.2, we finally

get the follwing system which given by:
Z?’zl ¢ (¢j, 9i) = (up, @) i=1,..N, 3.4
the linear system of 3.4 can be written as
MX =D,

where M = (my;;) is the N X N matrix with elements

mjj; = ((Pj'(Pi)’
my; = ZKETh min’

where

my* = j(Pj(pi dx,
K
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note that the subscript in mi]-K is the local index, while in my; it is global

index,

where X = ¢; = ¢4, ..., Cy is the solution vector with ¢; = QTuh(Nj), j=

1,..,Nand D =d; =dj,..,dy is the force vector with

di* = (uy, @) = G ¢ Uy, 0p),

where ; is the local basis function of element K

di = Tker &,

where

;" = [ up @idK = (un, @) = (T, 6 Y, @1),

The element matrix of force vector (the entries of the 6 x 1) is given by:

i = [ up @i dK = (un, @) = (W1 + 2P + cas, @),
then

[ (C11 + P + 33, 1) ]
(c1U1 + cP; + 303, %)
_ (cyW1 + U2 + ¢33, y)
(c1Py + oW + e3Pz, x%)
(11 + W5 + 33, xy)
(¢ + P, + 33, y2).

Also, the matrix of element K (the entries of the 6 X 6) given by:
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a1 7t de1
mi]-K = [ : : ]
d16 ° de6
(L) D D (x*1)
1x) %) (y,%) (x%,%)
@Ay Gy Gy &y
(1L,x*) xx*) @x)  (x%x?)
(Lxy) xxy) (@xy) (x3xy)
| (Ly?) &y Gy) xEy?)
Since

M = my = Ygeq ;i<
and the force vector
D =d; = Ykes; &,
then Q. uy, is given by:
Q.u, = M71D,

where M~1 is the inverse of M.

xy, 1) 51D ]
xy,x) %)
&y,y)  LY)
(xy,x%) (2% x2)
(xy,xy) (y%xy)
xy,y3) (4y?)

We will prove the following lemma that we need it later.

Lemma 3.1: There is a constant, C, such that
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la(w, V)| < CllwllynllvllLn ¥ w,v € Hg(Q) 3.5

Where (C is independent of h.

Proof:  Since the problem (2.1)-(2.2) satisfy the weak form
a(w,v) = (fv) vve H (),

where

a(w,v) = (Vw,Vv) + (w,v) = fVW. Vvdx + jwvdx.
Q )

An application of Cauchy—Schwarz inequality reveals

fwvdx
Q

< [Ivwll Ivvll + llwll {[vl.

la(w,v)| = +

f Vw. Vv dx
Q

By the Poincare inequality we have

la(w, V)| < IVwl| IVv] + ClIvwl] C[Ivv]|
< [Vwl IVl + Cllvw]l [[vv]
< (1+C)|Ivwll [Ivvll
< Clivwll [vvll,

where C =1 + (2.

Since ||Vw|| < [lwllyn
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1
where  [|Vw|| = ([ |Vw]?dx)? .
We have la(w, v)| < CllwllynlIVIlyn-
The following theorem can be found in [11].

Theorem 3.2: : Let uand uy, be the solutions of (2.1)-(2.2) and (2.3),

respectively. Then, there is a constant C, such that
|lu — uh”l,h < Chk”u”k+1-
where C is an independent of h.

The superconvergence analysis requires certain regularity for the second
order elliptic problem. To this end, suppose that the domain is so regular,
thatis HS,s > 1 regularity for solution u, that is || u || <||

flls—, V f €EHS2(Q), s=>1. 3.6
Define the finite element space V, c H3~2((Q), for u.
Next, we will prove the following lemma.

Lemma 3.3: Suppose that (3.6) hold with 1 <s<k+1and V. c
HS=2(Q). Then, there is a constant, C such that

[1Qru — Qeuy || < Che~1Hamin©@2=9)jjy —

uh”l’h . 3.7

Where ( independent of h and .
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Proof: From the definition of ||. || and Q. , we have

[1Qru—Qrunll= sup [(Qru—Qup,®)| 3.8
PeLZ(Q),l10llo=1 )

Using the definition of the L?-projection for Q. , we obtain

(Q.u — Q.up, @) = (u—uy, Q.0), It follows,

IQzu—Qrupll= sup [(u—up,Q:®)| 3.9
PeLZ(Q),l19llo=1 )

Consider the following problem
—-Aw+w=Q.0 inQ 3.10
w=0 on 0}, 3.11
Multiplying (1.1) by v and integrating it over (), we have
an(,v) = (£, V) + Zkes, o= vds, 3.12
The difference of (2.3) and (3.12), then
ap(u —up,v) =ZK€ThfaKg—2vds, VVE V 3.13

Multiplying (3.10) by u — uy, integrating it over () and by using (3.12), we

have

(U—up, Q@) = (AW + W, u—upy = ap (U—u,w) — Xges, [o (U —

ow
uy) ™ ds
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= ap (U—up, w—w;) + ap (u—up,w) — Lkeg, fo( —

ow
uy) ™ ds
ow
= ap (U —up, W—w;) — Xkes, faK(u — up) Eds
du
+ ZKETh faKawldS

From [10], we have

du k+s-1
Ykes, [oxg-wids < Ch I sl W lls,
3.14

a _
Tkery S = up) 5=ds < CR¥Y™ L gl w i,
3.15

By using Cauchy Schwarz , (3.14) , (3.15) and (3.6) we get

9

|(u = up, Q@) = ap (= up, w = w;) = Tke, [y (W= up) 5= ds
ou

+ XKer, faKgWIdS

<Uw —wy llppll w—up lyp+ CRES T gl Wil
< CRMS71 |l u llgqqll Wl
k+s—-1
<Ch I lesr 1Qe@lls—2 Il u llksq

< Chk+s—1,[min (0,2-5) ” thj " " u "k+1

< Chk+s—1+annn(&2—ﬂ "ll"k+1

3.16

From (3.8) and (3.16) it follows
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1Qcu — Qeuy|| < Chk*s—1+amin(02=8) 4 |,
3.17

Now, we can to estimate u — Q.uy,.-

Theorem 3.4: Suppose that (3.6) hold with 1<s<k+1land V,cC
HS=2(Q).If the exact € H**1(Q) N H™1(Q) N H(Q), then there is a

constant, C, such that

llu = Qeup || + h*[[Ve(u — Qcup)l

< Ch®* Dl yq + ChOllu — uplp 3.18
where 6 = s — 1 + a min(0,2 — s).
Proof: By the definition Q. and (2.11), we have
llu = Qeull < CT™*Jullryy < Ch*CDjullpyy 3.19
Triangle inequality and combining (3.18) with (3.17) gives

llu = Qrupll < [lu = Qqull + [[Qru — Qeun|l

< Cho((r+1)”u”r_l_1 + Chs—1+« min(0,2—s)”u _ uh”l,h ,
which completes the estimate for |ju — Q.uy||-

Next, we estimate ||V.(u — Q.uy)|| by following the similar idea in [4], then

h*||V.(u — Quup) || < Ch*T+D||ul|,,, 4 ChkFs—i+amin(02=5)| —
Up [ b
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This completes the proof of the theorem
The above error estimate is optimized if o is selected as
a(r+1)=k+s—1+ amin(0,2 —s) 3.20

Solving o from above yields

o = k+s—-1 3.21

r+1-min(0,2—-s)’
4. Numerical Examples
We present several numerical experiments to conform Theorem 3.4.
The triangulation of J; is describe by: (1) the domain is divided into an
n3 x n3 rectangular partition and (2) the diagonal line is connecting with the
positive slope. Let h =i3 as the mesh size. In the implementation, the
n

quantity Q.uy, is L2-projection of u, to V, associate with 7. We define V,

as follows:
V, = {v e L?(Q):v|[K € P,(K),VK € T;}.

4
By using Theorem 3.4, we get the order O(hE) for [[Vi(u— Q.uy)||- The

following experiments results meet with proved theory.

Example 4.1: Let the domain Q = [0,1] x [0,1]. Also, the real solution is

assumed to be

u= x°siny
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reduced. The error in the H;—norm has a higher order, which is shown as
O(h*3) for ||V (u — Q.uy)||, (see Figure 4.1). Figure 4.2 (a) and (b) give
results for the FE approximation of the problem given in (1.1)—(1.2), both

before and after post-processing. These results confirm with the theoretical

result.
h llu — uplly llu — Qruplly
273 0.2779-1 0.9578e-2
33 0.1182¢-1 0.2924¢-2
473 0.6064¢-2 0.1178e-2
53 0.3511e-2 0.5636¢-3
0(h*), k = 0.9950 1.3624

Table 4.1: Errors on meshes J;, and 7
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Figure 4.1: Convergence rate of error in Example 4.1. H,—norm

error.

Figure 4.2: Results for u = x° sin y in Example 4.1. (a) Surface of u;. (b)

Surface of Q. uy,-

Example 4.2: Let the domain Q = [0,1] X [0,1]. Also, the real solution is

assumed to be
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h llu — uplly lu — Qruplly
273 0.2056e-2 0.1371e-2
373 0.8679¢-3 0.4336e-3
43 0.4444e-3 0.1778e-3
573 0.2571e-3 0.8580e-4
0(h*), k = 0.9997 1.3329

Table 4.2: Errors on meshes Jpand 7.

From the results shown in Table 4.2, it is easy to note that the solution u in

the H;—norm has the faster convergence, (see Figure 4.3). Figure 4.4 (a)

and (b), shows that the approximate solutions uy and Q.uy. This is in

agreement with the previously stated theory.
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Figure 4.3: Convergence rate of error in Example 4.2. H,—norm error.
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Figure 4.4: Results for u = (x — x?)(y —y?) in Example 4.2. (a) Surface

of uy. (b) Surface of Q. uy.

Example 4.3: Let the domain Q = [0,1] X [0,1]. Also, the real solution is

assumed to be

u = (e* — x°) sin(y)

h llu — uplly llu — Qruplly
273 0.1960e-1 0.8396¢-2
373 0.8345e-2 0.2620e-2
43 0.4281e-2 0.1065¢-2
573 0.2478e-2 0.5111e-3
0(h*),k = 0.9944 1.3460

Table 4.3: Errors meshes 7}, and T

Table 4.3 gives the error profile for Example 4.3. Note that the gradient
estimate is of order O(h'3) has the superconvergence, (see Figure 4.5).
Figure 4.6 (a) and (b), shows that the approximate solutions u, and

Q. uy. Also, the approximate results are highly consistent with the

theoretical L2—projection.
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Example 4.3. H;—norm error.
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Figure 4.6: Results for u = (e* — x°) sin(y) in Example 4.3. (a) Surface of

up- (b) Surface of Q.uy,-

Example 4.4: Let the domain Q = [0,1] x [0,1]. Also, the real solution is

assumed to be

u = cos (xy)
h llu — uplly llu — Qruplly
273 0.3023e-2 0.1428¢-2
373 0.1282¢-2 0.4368e-3
43 0.6573¢-3 0.1775e-3
53 0.3805¢-3 0.8544e-4
0(h*), k = 0.9966 1.3543

Table 4.4: Errors on meshes Jj,and 7.

From the data shown in Table 4.4, it is clear that the exact solution u in
the H,—norm has the superconvergence, (see Figure 4.7). Figure 4.8 (a)
and (b), shows that the approximate solutions uy and Q.uy. This is in

agreement with the previously stated theory.
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Figure 4.7: Convergence rate of error in Example 4.4. H,—norm error.
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Figure 4.8: Results for u = cos(xy) in Example 4.4. (a) Surface uy,. (b)

Surface of Q. uy,-
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