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ABSTRACT

The Study aims in this paper to give and investigate the existence and
uniqueness of mild solutions to nonlinear functional integrodifferential equations in
Banach Spaces. the fixed point theorem, according to Sadovskii and sutible
necessary conditions, are concepts consulted to obtain the results in the work .

1. INTRODUCTION:

Neutral differential equations has been an active field of investigation
because of their applications in technical sciences, physics, and so on. In many
areas of there has been wide interest in studing of functional differential equations
merging memory.

previous works on existence and uniqueness of different types to solutions
for differential and functional differential equations with nonlocal conditions, we
refer to Byszewiski and Lakshmikantham see [4], also Lin and Liu [6].

In this work, firstly, we shall using theorem of fixed point, contraction
Banach and theory of evolution families to prove and investigated solvability of
mild solution to system (3.1)

Secondly, we proved uniqueness of mild solution to the problem (3.1), by
using Gronwall's inequality.

2. PRELIMINARIES:
In this section we will take areal banach Space (Y,|[.|) , where on [0.T]. v

is a Continuous space .
Here we give some basic concepts which will be needed in the work.
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Definition (2.1), [2]:

A A A 1

"Let X = [X,d] and Y = (y,d) be a metric spaces. A mapping
T:X — Y is said to be continuous at a point Xg € X if for every €= 0 there
isad = 0 such that d(Tx, Txo) <€ for all X satisfying d(x, x,) < &,

and T is said be continuous if it is continuous at every point of X."

Definition (2.2), [7]:

"Let X and Y be normed spaces, the operator A: DA S XY is

said to be compact if
1. Ais continuous.
2. A transforms bounded subset M of X in to relatively compact subset in y

((m) LS f:ompact)."

Definition (2.3), [8]:
“Asubset U of C [a, b] is said to be equicontinuous if for each €= 0 .

There is & = 0 such that ||x—y|| < & and U € U, imply
lulx) —u@)| <€

Theorem (2.4), (Arzela - Ascoli's theorem), [5]:

"Let F <c ([o, b]; X) satisfy:

i) For any t € [a,b], {f(t): f € F } is relatively compact in X.

ii) F is equicontinuous on [ab], that is, for any €= 0 and any t € [a, b],
there exit & > 0 such that, ||f(t) — f(s)|| <€, for any § € [a, b]
satisfying |t — 5| << &, andall f € F. Then F is relatively compact.”
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Definition (2.5), [2]:

Let X = [X,d] be a metric spaces. A mapping T: X — Y is called a
contraction on X if there is a positive real number o< 1, such that for all
x,y €X,d(T,,T,.) <ecd(x,y)"

Definition (2.6), [3]:

"Let X be a metric spaces. Equipped with a distance d. A mapping

f: X — X is said to be Lipschitz continuous if there is A = Osuch that:

d(f(xl),f(xg)) <Ad (x;,x5) forallx;, x, € X

lemma (2.7), "'completely continuous [3]:
"Let X be a normed space, the mapping A: D(A4) € X — X is called
completely continuous if it is both Continuous and compact."”

Theorem (2.8), ""Sadovskii's fixed point theorem'’ [1]:
"Let P be a condensing operator on a banach space X, (that is P is a

continuous and takes bounded sets into bounded sets), and & P (B) <x P(B)
for every bounded set B of X with & (B) >0, if

P(C([D, T];X)) = (Clo,T]; X) for convex, closed and bounded set

C([o, T]; X), then P has a bounded point in C ([0, T]; X).»

3. EXISTENCE OF MILD SOLUTION:
By using Y of a Banach Spaces we take the system:

d
= l@® + K (t,0(®), w(b: @), w(b,)))]
= B + F (1), u(ay®), - (a (1)))

+H (t,ﬂ,(t),jth (S,T,»u,, (T))ds)
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w(0) + g(u) = u, (3.1)

Where B = B(t) is generated compact semigroup of uniformly bounded
linear operators LI (f, S) defined in the Banach space Y.

Definition (3.1):

Let ¢ (): [0, T] — Y is a solution to system (3.1) to ¢4, € ¥, where
this equation is held :

w(t) =u (t,ﬂ)[%ﬂ + K({],%(U),ﬂ,(bl ({])), ...... %(bﬂ (U)) — g(%)]
K (£ (b ®), .. (b))
+ 20 (49 BEK (5,4(5), (b (5))), o e(bn(s))ds +

f;U (t,s)F (S,%(S),%(al(s))), ... (@ (s))ds
+ f;U (t,5) [H(s, (), fih(s,r,%(ﬂ)d’{)]da. (32)

we assume the following conditions to investigate the existence of the mild
solution to the problem (3.1):

Hypotheses (3.2):
1. A function K: [0,t] X ¥ — Y is continuous function andB (1) k satisfies

Lipchitz condition, as

IBAK (%) — BMK(s, ) < Nyllx; — %l
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Where Ny = 0 is constant, also

IB)K (s, x) |l < N(max|x;|l + 1),

vtel[0,Ti=01,.........
2. Afunction F:[0, T] X Y — Y is satisfied
i.F(.,x):[0,T] =Y is strongly measurable, V' x; € Y.

ii. For ¥ € N7 there exist a function
fr € L*([0,T]),as

ol = 7IFC, x)I < £, (Dand

0=t=T

1 t
lim —f fr(s)ds = 6§ < oo, where f, is positive.
r=+or g
3. H:[0,T] XY XY — Yisafunction as:
i. H(.,x,2):[0,T] — X is strongly continuous V %, € Y.

ii. 7,, € LX([0, T1), where m € N is any positive number, also

S ||H(s,x®), fih (s7,x@)dr| < n,,(5) ang
1! _
lim —f fin(s)ds =6 < o
r—=t+wn Jg

4.g € C([0,T];Y) is a completely continuous as,
lg (Il < Nlixllv x € C([0,TL;Y).
5.
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i NMM* + N,M* + MT = L, < 1

i. M*N; + M(N + M*N, + TN, +§ +6) < 1

ii. |u (1, )|l < M,where M = 1, also sup||B~*(1)|| = M*

A A A 1

Theorem (3.3):

If the conditions (1-5) are holds. The system (3.1) has a mild solution on [0. T].

Proof:

Let

(1, w®, w(b;®), ... w(b, 1)) = (Lx(®)),
(ty®, w(a®)), ... w(an-®) = (£ 2D)

and R = Ry + R, is an operator define by:
(R =u (1,0 )[w, — K(0,x0) — g(a)]

t
—K(t,x(t)) + f U (t,s)B(s)H((s,x(s))) ds

1

+ | u(, S)F(S,E(s))ds

1

| S—
] ]

u (t,s)H (s,eu(s),rh (S,T,%(T))d“{) ds,0<t<T

L S—

0
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Now, we have

r < |[Ru, Ml = ||u ¢, 0)|[us + K(0,x(0)) — g(u,)]

—H(t,xT(t)) + ftu (t,s)E(s)k(s,xT(s))dsll

t

+ f LI (t,s)F(s,f(S))ds + ftu (t,s)H(s,%T(s)),

fsh (s, 7, u,(1))dr)ds||
< lu (¢ 0)[u, — glu,) + K(o,x,-(0)]ll

t
+||B(t)B_l(t)H(t,xT(t))|| + f lu (¢, )]l ||B(S)H(s,x?,(s))||ds

+[ 10 @ F %)+

ftllu (sl HH (s,%r(s),fsh (S,T,%T(T))dr)ds)
< M[llwoll + N. + M*N,(r + 1)] + M*N, (r + 1)

T T
CMN,(r+ DT + M f Fr(s)ds + M f 0 (s)ds

Then
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where(R; t) (1) =L (t,{])k(ﬂ,x(o))
t

—K(t,x(t))+ f U (t,s)B(s)H(s,x(s))ds.

0

1

(Ry)(®) = (4, 0o — g()] + f U (& )F(s, #())ds

0

t 5
+J’ u (t,s)H (s,%(s),f h (S,T,%(T))d’{) ds0<t<T
0 0
Hence, we let
A =
fwe (O, TLY): ll)| <7,0 <t <T, r positive number}

Then, we have 4, = @ in C([0,T];Y) is convex closed set, and therefore
there is ¢4, (. ) € A,,and (Ru, & A,.) foreach r.

r M
< |Ru, ()] < ?[II%II + Nr + M*N; (r + 1)]

M*N. M
l(T-l—l)-l-

_l_

T
i (r+ 1T+ ﬁJ’ fr(s)ds
r r Jy

+ ? fﬂT Nm (5)ds.

T M
lim —||Ru, ()|l < lim {—[II%QH + Nr + M*N, (r + 1)]
ratoo T r=+too LY
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M*N M
L (r+1)+

A A A 1

T T
NT (r+1)+ gJ’ fr(s)ds + ﬁJ’ N (8)ds
rJo rJo

T

< MN + MM*N; + M*N; + TMN, + M&§ + M§
Hence
M*N, + M(N+M*N, +TN, + 6 +6) = 1
But this statement contradicts with condition (5)(ii), So we obtain that

(RA,) S A, for some positive r.

To prove Ry is contraction let 444, 1> € A, by condition (1) and (5), we have.

1(Ryut4) (1) — (Ryu,) ) DI < |||J (t:O)[H({]:xl(O)) —

K0, @) + | (6.2 ® - K ()

_l_

1
f U (4,5) BO)K (5,2,(s) — B()K (5,2 (s)))H

< (M + 1)N, Supg=i=rllu, (s) — u,(s)|| +
MTN; Supgzerllus(s) —u, ()]l
< [N\ MM* + N;M* + MT]Supg<t=r lltt1(s) — 1, (s)||

< Lo Supg<i=r |1, (s) — u,(s)||
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<Ly llui(s) —u(s)l

A A A 1

Thus R4 is contraction.

After that we prove that R is continuous on the set By and let {14, } A,

with 4, — U in A, so we have.

||R2’an — Rz’“v” = Supﬂitf?”” (t,U)[’ﬁffﬂ(U) —%(U)]

t
+f U (t,s) [F(S,Eﬂ(s)) — F(S,E(S))]ds

+Suposier || fy 1 (65) [H (5,6,(5), J h(s, 7, 4,(0))dr) ds)

— Dasn— o

t
—H(S,%(S),J’ h(S,T,%(T))dT) ds]

That means R is continuous.

Nextstep, leto = 1; < 1" < T, 0 <€< t;and prove that

{szu,: U € B'T} Is equicontinuous family functions, therefore.

1(Ra1) (1) — (Rywe) (1)1l < |lu (1%,0) —U (£, , O) [ [feeoll +
fy Mo @,0) —u Gy, 9Nl [[F(s,2() [ ds + L2 Jlu@s) -

U @&, 9[IF(s, 2l ds + [l @I [|F(s,2()) || ds
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+ [ @,s) —u @&, ||Hs, w(s), [ h(s, 7, 4(c))dD)llds

A A A 1

+ f:ll_EIIU 5 ) | H (s, w(s), J; h(s, T, u(r)dr)lldzlds

= f:llu N [|H(s, «(s), [, h(s, r, u(r)dr)dD)llds  (3.3)

Hence, we obtain that (3.3) goes to zero when t — t* ,and

fu (t,5),t— s > 0} is Continuous because it is Compact. So Ry is
equicontinuous functions.

Let the Z(1) = {(R,u)(1): ¢ € A,.} and prove it is a percompact in

Y,Z (0) is apercompactin Y, let 0 <1 < T be fixed, and 0 <E=<< 1, s0
we define

Ry, ©®) =u (,0«(0) + [, “u (t,5)F(s,%(s))ds
+ f;l_Eu (t,s)H (s, u(s) ,fcfh(s, 7, 4(1))dt) ds
=U (1,00« (0) +U (t,t—€) [J "1 (t—€,5)F (s, Z(s))ds

+ U (t—€,s) f;l_eu (t—E,s)H(s,u(s),E h(s,*r,»w(r))dr)ds
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we obtain the set Z¢ (t) is a precompact in Y for every 0 <<E<I 1 |, because
fu(t,s),t—s > 0} iscompactaswell as 2 € A, , we have

A A A 1

1(R2) (1) — (R, €) DIl < [ _Nu (&, 5)F (s, Z(s))ll ds

+ f:_EIIIJ @, s 1H(s, u(s), f;h(s,r,%(’r))d’r)dsu <
M f:_E fr(s)ds+ M f:_E Nm (s)ds.

So we get a precompact sets that are close to Z (f) , thus, we obtain that R is
Compact operator by theorem (2.4).

Now Form contration of Ry and Compactness of K5, we have that
R = R;{ + R, is contiuous and compact on A,-, therefore we get by (2.8) a
fixed point fLL( ) on A, which is represented a solution to problem |(3.1).

4. UNIQUENESS OF THE MILD SOLUTION:

Here, we prove the solution (3.2) to the problem (3.1) is unique.

Theorem (4.1):

If the conditions, (1), (5) (iii) and the following hypotheses:

W ||F(s, & (), w(ar(s), ... &(as(s)) —

F(s,a(s), #(ay(s)), .. @(an(s)) < L* T, Il (s) — ()
And L = max F(s,0,....,0)

iy [|H (s, Z(s)) — H(s,m ()| < Lyllz(s) — @)l
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And L = max ||H(s, 0) ||
(iii) ||h(s,*r,»ﬁ(*r)) — h(s;r,»ﬁ(“r))” < Nl|la(t) — @)l
And N = max ||h(s,7,0)|l, also,MTN, + MTL* m < 1.

are holds. Then the mild solution (3.2) is unique .
Proof:
Let the problem (3.1) has two local solutions , ﬁ(t),fﬁ(t) on the interval

[0, T] . we must prove 72 (1) = (1) . so

A A A 1

172 (®) — =M =l u (t,0)[uo + K(0,2(0),4%(b (0)), .. ... .,
(b, (0) — g(w)] — Kt @(by (), .. ..., &b, (1)) +

t
f U (4,9)BK(s, (), Z(by (), ..., F(by ())ds

+ f;U (f,S)F(S,E(s)),E(al (S)), - ,ﬁ(an* (s))ds
+ LU 9)[H(s, 7)), [ (s, 7, E(x)dv) ds]

— U (,0)[uo +k(0,2(0),2(b; (0), .... 14(b, (0) — g (u)]

+K (ta(b, @), ... (b, 1) —

Lus)B() K(s, @(s)), @(by (5)), ... %(b, (1) )ds
— f;u (t,s)F(s,ﬁ(s)),ﬁ(al (S)), . ﬁ(aﬂ* (S))ds
— f;u (t,s)H(s,ﬁ(s)), fcf h (S,T,ﬁ(’.r)dr)dsu
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< [Iu & DNNBEK (s,2()), % (by (5)), ... %(ba (5))
—B(s)H(s,ﬁ(s)),ﬁ(bl (s)), ,ﬁ(bﬂ (s)) ||ds]

+ Lud DI IF(s, Z()), Z(ar(5), ... @(an(s))
—F(s,u(s)), @(a;(s)), ..., @(a,(s))llds]
+[ylu@ )N {[H (s, Z() — H(s,0) + Hs, 0)

+ [ Ih(s, 7, (1) )—h(s,7,0) + h(s,7,0)|| d7]
—H|(s,%(s)) — H(s,0) + H(s,0)l

+f;||h(s,r,ﬁ(r)) — h(s,7,0) + h(s,7,0) ||dr |}ds
There fore

1Z@) — @I < MTN, |1%; (D) —z; @)

+L*MT Zﬂ_ ;1) — w; (D) + MTL
+M [T, 17(s) — @ ()l +1

N 1) — @@l de+N} ds
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() —z®I < (MTN, + MTL'm) || %(t) — @ (t)|
+MTL + MTL + MTN + M [, {L,1@(s) — z(s)||

+1 [ 1z (1) — (o)l de}ds
1Z(t) — @) (1 = MTN, + MTL*m) <
MTL + MTL + MTN + M [ {L,17(s) — a(s)|

+ N[ 1&() — &(0)llde)ds

let: Agzz= MTN; + MTL*m
Then

MT(L+1+8 ) +M [ {L4120) () I+8 [5la) -a()ldedds

=475

lZ®) -zl <

Hence by Gronwall's inequality, we get |l (t) —z(1)] <0
Hence we obtain that the mild solution (3.2) is unique.
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