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ABSTRACT  

The Study aims in this paper to give and investigate the existence and 

uniqueness of mild solutions to nonlinear functional integrodifferential equations in 

Banach Spaces. the fixed point theorem, according to Sadovskii and sutible 

necessary conditions, are concepts consulted to obtain the results in the work .   

1. INTRODUCTION: 

Neutral differential equations has been an active field of investigation 

because of their applications in technical sciences, physics, and so on. In many 

areas of there has been wide interest in studing of functional differential equations 

merging memory. 

previous works on existence and uniqueness of different types to solutions 

for differential and functional differential equations with nonlocal conditions, we 

refer to Byszewiski and Lakshmikantham see [4], also Lin and Liu [6]. 

In this work, firstly, we shall using theorem of fixed point, contraction 

Banach and theory of evolution families to prove and investigated solvability of 

mild solution to system  (3.1)  

Secondly, we proved uniqueness of mild solution to the problem (3.1), by 

using Gronwall's inequality.  

2. PRELIMINARIES:  

In this section we will take areal banach Space (Y,||.||) , where on . Y 

is a Continuous space . 

Here we give some basic concepts which will be needed in the work. 
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Definition (2.1), [2]: 

"Let  and  be a metric spaces. A mapping 

 is said to be continuous at a point  if for every  there 

is a  such that  for all X satisfying   

and T is said be continuous if it is continuous at every point of  X." 

Definition (2.2), [7]: 

"Let   and  be normed spaces, the operator   is 

said to be compact if 

1. A is continuous. 

2. A transforms bounded subset M of X in to relatively compact subset in y 

." 

Definition (2.3), [8]: 

"A subset  of  C  is said to be equicontinuous if for each . 

There is  such that  and , imply 

 ." 

Theorem (2.4), (Arzela - Ascoli's theorem),  [5]: 

 "Let C  satisfy:  

i) For any t  [a,b], {f(t): f } is relatively compact in X. 

ii)  is equicontinuous on [a,b],  that is, for any  and any , 

there exit  such that, , for any  

satisfying , and all . Then  is relatively compact." 
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Definition (2.5), [2]: 

"Let  be a metric spaces. A mapping  is called a 

contraction on X if there is a positive real number  , such that for all 

." 
 

Definition (2.6), [3]: 

"Let  be a metric spaces. Equipped with a distance d. A mapping 

 is said to be Lipschitz continuous if there is such that:  

, for all ." 
 

lemma (2.7), "completely continuous [3]: 

"Let  be a normed space, the mapping  is called 

completely continuous if it is both Continuous and compact." 
 

Theorem (2.8), "Sadovskii's fixed point theorem" [1]: 

"Let P be a condensing operator on a banach space X, (that is P is a 

continuous and takes bounded sets into bounded sets), and    

for every bounded set B of  with , if 

 for convex, closed and bounded set 

, then P has a bounded point in ." 

3. EXISTENCE OF MILD SOLUTION: 

By using Y of a Banach Spaces we take the system:  
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(3.1) 

Where  is generated compact semigroup of uniformly bounded 

linear operators  defined in the Banach space Y. 

Definition  (3.1): 

Let  (.): is a solution to system (3.1) to , where 

this equation is held : 

  

 

  

 (3.2)                           

we assume the following conditions to investigate the existence of the mild 

solution to the problem (3.1): 

 

Hypotheses (3.2): 

1. A function K:  is continuous function and  satisfies 

Lipchitz condition, as 
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Where  is constant, also 

 

, . 

2. A function F:  is satisfied  

i.  is strongly measurable,  

ii. For   there exist a function  

 

  

 

3.  is a function as: 

i.  is strongly continuous   

ii. , where  is any positive number, also  

 and  

 

4.  is a completely continuous as, 

  

5.  
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i.  

ii.  

iii.  

 

Theorem (3.3): 

If the conditions (1-5) are holds. The system (3.1) has a mild solution on . 

Proof: 

Let 

 

 

and   is an operator define by: 
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Now, we have  

 

 

 

 

 

 

 

 

 

 

Then 
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Where  

 

 

 
Hence, we let 

 

Then, we have   is convex closed set, and  therefore 

there is and for each   r. 

 

 

. 
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Hence 

 

But this statement contradicts with condition (5)(ii), So we obtain that  

 for some positive  r. 

To prove  is contraction let , by condition (1) and (5), we have. 
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Thus  is contraction. 

After that we prove that  is continuous on the set  and let  

with  in , so we have. 

 

 

  

 

That means R is continuous. 

Next step, let and prove that 

is equicontinuous family functions, therefore. 
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Hence, we obtain that (3.3) goes to zero when  

 is Continuous because it is Compact. So  is 

equicontinuous  functions.  

Let the  and prove it is a percompact in 

 is a percompact in Y, let  be fixed, and  , so 

we define 
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we obtain the set  is a precompact in Y for every  , because 

 is compact as well as  , we have  

  

  So we get a precompact sets that are close to  ,  thus, we obtain that  is 

Compact operator by theorem (2.4). 

Now Form contration of  and Compactness of , we have that 

 is contiuous and compact on , therefore we get by (2.8) a 

fixed point  on  which is represented a solution to problem |(3.1). 

 

4. UNIQUENESS OF THE MILD SOLUTION: 

Here, we prove the solution (3.2) to the problem (3.1) is unique. 

Theorem (4.1): 

If the conditions, (1), (5) (iii) and the following hypotheses: 

(i)  

  

 

(ii)  
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(iii)  

 
are holds. Then the mild solution (3.2) is unique . 

 

Proof: 

Let the problem (3.1) has two local solutions ,  on the interval 

 . we must prove  . So 
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There fore  
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let:  

Then  

  

Hence by Gronwall's inequality, we get  

Hence we obtain that the mild solution (3.2) is unique. 
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 الخلاصة:

هدددددددة  ةا ادددددددط هددددددد    ديةدددددددي  الددددددد     ة  ددددددد     ة دددددددط   ةة   دددددددط  دةددددددد  
 خل ط في فض   ي  خ.  دمعل   دلمع ةلات  د ف ضل ط  د ك مل ط  دلا

دا ة فادددددددددكي  يدددددددددا ل ضدددددددددا ا ط لي ددددددددد     ظا دددددددددط  د  لدددددددددط  د ددددددددد مة  
 م  ايط  م  لاا ع  ط يه  دلة    الى    ئج ه    دعم .

 


