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Abstract:

Any binary relation & C X (where X is an arbitrary set) generates a
characteristic function on the set X ”: If (x,y) € &, then &(x,y) =1, oth-
erwise o(x,y)=0. In terms of characteristic functions on the set of all bi-

nary relations of the set X we introduced the concept of a binary of reflex-
ive relation of adjacency and determined the algebraic system consisting of
all binary relations of a set X and all unordered pairs of various adjacent
binary relations. If X is finite set then this algebraic system is a graph “ a
graph of graphs” in this work we investigated some features of the structures
of the graph G(X') of partial orders.

1. Adjacency of binary relations

Definition 1.1 Let B={0,1} —Boolean set, X — arbitrary set, and
X? = XxX —adirect product. The function X*>— B, will be called char-

acteristic. Any subset 0 < X 2 , called a binary relation (or relation) on the
set X, generates characteristic function
I, if (x,y)€eR,

: X’ B, X, )=
L Xe (%) {0, if (x,y)eR.

Next, the function y,(:,-) R(x,y). On the other hand,

any characteristic function 7y : X’— Bgenerates a binary relation

2 . _ .
R, < X7such that (x,y)eR, if y(x,y)=1.Obviously, the map
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R — R(-,-)is a bijection between the set of binary relations and the set of

characteristic functions.

On the set of 2 all sets of binary relations on the set X we introduce a bina-
ry reflexive adjacency.

Definition 1.2 Let X =Y UZ — the disjoint union of two subsets (allowed,
that either Y =@ or Z=(). Suppose that the relation ¢ < X such that

o(x,y)=0 forall (x,y)eY xZ.It generates the relation T — X~ such that

1) t(x,y)=1-0o(y,x) forall (x,y)e¥YxZ, (1)
2) t(x,y)=0 forall (x,y)e ZxY, (2)
3) t(x,y)=0o(x,y) forall (x,y)eY*UZ’. 3)

The relation 7 is called adjacent with a relation G .

Remark 1.3 From the definition it follows that if the relation t adjacent with

arelation o, then o adjacent with a relation t, and this fact we write in the

form of a diagram o « %4 1:

Y Y VA4
Z
=0 YxZ T=
7 | oty z ()
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Here and elsewhere in the diagrams we mark for the value of the characteris-
tic functions at those points which are known a priori. For example, in the
block Y xZ for the relation cwe write [J generalized ] zero, and this

means that
o(x,y)=0 forall (x,y)e YxZ,

And in the same block for the relation © we write 1—o (x, y) for all
(x,y)eYxZ.

For example, X ={l,...,6}, Y={1,2}, Z={3,4,5,6},

0 O 101010
01 01 |1 0
00 101 0 vz 1010
10 1110 =0 T= 0 1110
00 |0010 0010
11 000 1 000 1

2. Adjacency of the partial orders

Let V(X)) is the collection of all partial orders set define on the set X . In the
other words, the relation o < X’ belongs in the set V' (X), if satisfies the fol-
lowing axioms:

1) reflexivity: (x,x) e o;
2) transitivity: if (x,y)€ o, (y,z) € 6, then (x,z) € G;
3) antisymmetry: if (x,y)e o, (y,x)e 6, then x=y.

In the terms of the characteristic we have: o € V(X) if and only if
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1) o(x,x)=1 forall xe X ;
“4)

(%)
3) o(x,y)o(y,x)=3,, for all x,ye X (where 3,6 — Kronecker ©6)

2) o(x,y)o(y,z)<o(x,z) forall x,y,ze X ;

symbol).

Theorem 2.1 Let 6 u t — are adjacent relations(i.e 6 «2— 1). Inclusion
c eV(X)holdifand only if 1€V (X).

Proof. By symmetry, it suffices to prove this implication
celV(X) = telV(X).

Let ceV(X).
1. Since t(x,x)=0o(x,x) =1, then the reflexivity relation 7 obviously.

2. Its clear that, t(x,y)t(y,x)=0c(x,y)c(y,x) for any x,ye X, which
proves that antisymmetry relations t.

3. Transitivity. Let x,z,y € X such that t(x,y)=1(y,z) =1, in the first sup-
pose that y €Y. Since 7({,y)=0 forall { €Z, then xe¥. If z€Y,
then o(x,y)=7(x,y)=1 and o(y,z)=7(y,z)=1, and since
oeV(X), then o(x,z)=1, therefore 7(x,z)=1. If z€Z, then
o(x,y)=7(x,y)=1 and o(z,y)=1-7(y,z)=0, and since
o €V (X), then by (5) o(z,x)=0(z,x)o(x,y)<0(z,y)=0, hence,
o0(z,x) =0, and therefore 7(x,z) =1.

Now suppose that y € Z. (y,n)=0 neY, then ze Z. If
xeZ, then o(x,y)=1(x,y)=1 oc(y,z)=t(y,z)=1,
oceV(X), then o(x,z)=1, and since o€V (X), then by (5)
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o(z,x)=0(y,z)o(z,x) < 0o(y,x) =0, hence, o(z,x) =0, and therefore

7(x,z)=1. in all cases, we have the equality 7(x,z)=1.

Thus, the set X generates a pair ( V(X), E(X)), where V' (X)— is a set of
vertices, consist of all partial orders of the set X and E(X) —is a set of edg-

es, consist of all unordered distinct pairs of adjacent partial orders of the set
X . The pair G(X)=(V(X), E(X)) will be called (undirected) graph of

partial orders of the set X .

Definition 2.2 The partial orders ¢ and t belong to the same connected
component of the graph G(X),if there is a finite sequence of partial orders

6=06,,06,,...,06, =T, in which the relations c, , and o, are adjacent for all
k=2,...,m. Let G_(X) 1is the connected component of the graph G(X),
which contains the partial order o .

3- On the features of the structure of the graph of partial orders.

We fix the partial order 6 € V(X) and an element x € X . For o we have the

representation:
IX KX J.X
I, .
: 0
o= | K, | .. 0 “— X
0
J. 1

xT
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LUI(o)0{yeX:o(x,y)=1, a(y,x)=0j,
K UK (o)U{yeX:o(x,y)=0(y,x)=0,},Obviously, xe K.
J 0J (o) {yeX:0(x,y)=0, o(y.x)=1j.

Lemma 3.1 The following statements holds:
1) o(y,z)=1forall (y,z)eJ xI_;
2) o(y,2)=0 forall (y,z)el x (K VJ));
3) 6(y,2)=0 forall (y,z)e(K Ul )xJ,.
Proof: Obviously, K, ={ye X :c(x,y)=0c(y,x)=9,,},

Jo={yeX:o(x,y)=0, a(y,x)=1},
I ={yeX:o(xy)=1 o(y,x)=0}.

1. Since yeJ_, then 6(y,x)=1, and since ze/_, then o(x,z) =1, therefore

6(y,z)=1.Inparticular, (y,z)el xJ_ we have the equality c(z,y)=0.
2. Let (y,z)el xK_.
If z=x,then o(y,z)=0(y,x)=0 (since yel ).

Let z#x,and z €K _,o(x,z)=0 . Since ye/_, then o(x,y)=1, and then
by 5) o(y,z)=0(x,y)o(y,z)<o(x,z)=0 and therefore o(y,z)=0 for
all (y,z)el xK..

3.Let (y,2)e K, xJ..

If y=x,then 6(y,z)=0c(x,z)=0 (since ze J ).
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Let y#x,and ye K _, then o(y,x)=0. Since zeJ_, then o(z,x)=1, and
by (5), o(yv,z)=0(y,z)o(z,x)<o(y,x)=0 therefore c(y,z)=0 for all
(y,z)eK, xJ,

L) g Asala / 4 1 A8

Hence we can construct a sequence of adjacent of partial orders :

Lx (KT o o (KUL)XT, o o (7)

O <

. . R A
I, 0 0 I, - 10
c= | K, PRECSS R 0 - c'=| K, 0 o O

Jo L] 7o 10 |

Which leads us to the partial order ™ € V'(X), that 6" (x,y)=6"(y,x)=3,,
for all y € X (in other words, if we interpret the partial order as relation <,

then x is both a maximum and minimum element of a partial order c*).

thus, for a fixed partial order o € V(X)) defined a map X — G_(X), as-
sociates to an element X € X the partial order o € G_(X) (it may be that

o' =0’ at x# y). We also note that this map is uniquely defined in the
algorithm (7) are used uniquely defined sets / (o), K (o), J (o) .
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Lemma 3.2 Suppose that the partial orders 0,7 € V(X) belong to the same

connected component of the graph G(X), Then ¢ =7 forany x € X .

Proof. We can assume that ¢ and t — adjacent partial orders, then there is a

disjoint union / UJ = X such, that : 6 <22 1.

without loss of generality, we can also assume that x € J (if x € J in the cal-
culations presented below the relation o and 7 changing places. For o have
the representation

I J
]1 ]2 Jl J2 J3
I g 0
12
J, 5
c = :
I, |
J3 o -- 1 O R 1 PRV I o --4 .0 .. | oo X

xT
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L0 {yel:o(x,y)=0},
LO{yel:o(xy) =1},

J,0{yeJ o(x,y) =1, o(y.x)~0},
J,0{ye o(xy)=0, o(yx)-1},
J,0{yed:0(xy)=0(yx)=5,}.

Its cleary that x € J; .

1. Wefix yel,uJ,, 10 6(x,y)=1,since z €[, then o(x,z) =0 then by (5)
we have o(v,z)=o(x,y)o(y,z)<o(x,z)=0. Thus o(y,z)=0 for all
(r.2) el WJ)x1,.

2. Let (y,z)eJ,x(I,UJ,). And since yeJ,, then o(y,x)=1, and since
zel,UJ,, then o(x,z)=1, therefore o(y,z)=1. Thus, o(y,z)=1 for all
(r,2) e, x(1,VJ).

3. Due to of the antisymmetry o for all (y,z)eJ,xJ, have the equality
c(y,z)=0.

4. Let (y,z)eJ,xJ,.1if z=x,then 6(y,z) =c(y,x)=0 (since z € J,).

Let z#x, and zeJ, then o(x,z)=0 . Since yeJ,, then o(x,y)=1, then
from (5) o(yv.,z)=oc(x,y)o(y,z)<o(x,z)=0.Thus ,6(y,z)=0 for all
(v.2)ed,xJ,.

5.Let (y,z)eJ, xJ,.If y=x,then 6(y,z)=0c(x,z)=0 (since z € J,).

Let y#x,and yeJ,, 10 o(»,x)=0. Since zeJ,, then o(z,x)=1, then
from (5), o(y,z)=0(y,z)o(z,x)<o(y,x)=0 therefore c(y,z)=0 thus
o(y,z)=0 forall (y,z)eJ, xJ,.
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Thus, for the adjacent of partial orders ¢ and t we have the representation:

1

O IO~

ol Res i el
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1 J
Il ]2 Jl JZ J3
1, * 1 —* I

We construct a sequence of two adjacent of partial orders:

(1, 0J)) x ([} V], UJ3) (1OJVJ3) x J, X

!
> G’ < > o,

O <

Jypx (1uJ,UJ3) (1, VJ3) x (1} V],)

’ X
> T < > T .

T<
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1 J

Il 12 Jl J2 J3
A + 0[O0 0

1
10 0 0 0

J
0 * 0 0

o =
S I ] |
J :
J3 o 1 1 O ) ; o “x

xT
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I, J J, J,
I 010 0
1 I, 1—* O O 0
" 0|
' = :
JZ %k O 1
J ﬂ

/5 © () () ’ é | «x
x T
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I, I, J, J, J,
I o|lo | = o0
1
I, 1—* 1 0
o= |1 | 1
J
0 0|0 0
J :
Perlo o e

1460



Ja) g daala / A ) A0 ) A gall alal) yaiigall
J

]1 ]2 Jl JZ J3
; o O B
L 1=
10 0 0 0
20 0|1

J3 () | 1 «x
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Jy| - o - O O SRR IR R I

xT

Visual comparison ¢* and 1° shows their equality.

Corollary 3.3. In each connected component G_(X) of the graph G(X) for
any xe€ X there exists a unique c €V(X), having the property, that
o' (x,y)=06"(y,x)=0,, forall ye X.

Remark 3.4 We fix xe X.
G, (X) there unique partial order o~ such that c*(x,y)=0c"(y,x)=3,,
y € X therefore the component G_(.X)
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tial order o _, define on the set X \ {x}, such that o _(y,x)=0"(y,x) for
all y,ze X \{x}.

Remark 3.5 If card X < oo then there exist a one - to- one between the set
V,(X') and the set of all labeled of transitive graph define on the set X (see

example [1, p28]) and there exist a one- to —one between these set and the set
of T, —topology define on the set X (see example [2, p256]) and the number

of these topology denoted by 7;(n) and in the particular
card Vy(X)=1,(n)

Definition 3.6 For a partial order c € V'(X).

The set S(g)J {y € X :a(y,x)=9,, for all x € X} is called (support of partial
order) o (or support set). a fact that we write in the form.

S (o)

0)

so|

0)
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S(G,)={S(r)c X:teG_(X)} the set of
support of the partial order belong to the component G_(.X') then:
1-J¢S(G)).
2-if d#zac fc Xand feS(G,), then a€S(G)).
3-if o c Xand 2| <2,then a€S(G,).

Remake 3.8 Suppose that card X=n then:

1- nT,(n—1) different support sets of partial orders which contain one ele-
ment.

1
2- En(n —1)T,,(n—1) different support sets of partial orders which contain

two element.
The proof of the following theorem in [3,4]

Theorem 3.9 For any 7 > 2 then
T,(n) = %n(n +1)T,(n—=1)+card{c eV ({l,...,n}): ‘S(G)‘ >3},

Example 3.10 In the graph G ({1,2}) which have unique component which

1 1 I 0 I 0
contains the partial order <~ <~
0 1 I 1
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G ({1,2,3}) contains 19 partial order 7;(2) =3, and 7,(3)=19:

a=g
GIED 50
()

We denote the graphs of the components K, K, u K .1t is clear that the

component K, and K are isomorphic if applied, for example, substitution

I 2 3
[2 | 3) to the elements of the component K, we get the component

K

3
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and S(K,)=1{1,2,3}, S(K,)={{1,2},{1,3},{2,3} }, in the graph there is
only one partial order, which ‘S (G)‘ >3.
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