\&
Q, 155N: 4217-1994 &
< S

b g Al [ Ay 50 A8 i coness S Slad) Jgal) alal) jaigall

Approximation of unbounded functions by trigonometric

polynomials
ALAA A. AUAD MOUSA M. KHRAJAN
alaa.adnan66.aa@gmail.com mmkrady@gmail.com
University Of Al-Anbar , University Of Al-Muthana,
Faculty Of Education Science College

Abstract

The purpose of this paper is present a brief survey of know on
estimates the rate for best approximation of unbounded functions by
suitable trigonometric polynomials of one variable in weighted
space Ly, (X). Moreover two theorems (3) and (4) concerning the rate
of trigonometric approximation of £ with k non-integer in Ly o (X).
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1. Introduction

In 1977 Taberski R. see [10 ] and in 1979 Andreev, Popov, Sendov see
[2] introduced the best approximation of functions by trigonometric
polynomials of fractional order. This notion could considered as direct
generalization of classical trigonometric approximation in weighted space
Ly «(X) and it is more natural to use it for number of problems of

approximation functions ( see, for example [3],[5],[6], [9]).

The important problem of approximation theory and theory of Fourier
series is the problem of description of best approximation of functions by
trigonometric polynomials see [7] and [10].

One can consider this problem from the viewpoint of description of
Roman Taberski of trigonometric approximation. In this paper, we obtain
the description of some estimates for the best trigonometric
approximation of unbounded functions in Ly, ,(X) and the order

approximation of f*) by suitable trigonometric polynomials.

Let X = [—m, ], we denote the L, (X)-norm (1 < p < ),

1Fll = (f 1fGOP dx) <0 v )

and define for suitable W (a, x) of all weight function on closed interval
X such that |f(x)| < Ma(x), where M is positive real number and
a: X » R* weight function.

We shall denote L, ,(X) the space of all unbounded functions on X which
are equipped with the following norm

Ifllpe = (J |M|p dx); <00 i Q).

a(x)

Let H,, be the set of all 2 — periodic trigonometric polynomials of order
less than or equal n,n € N = {1,2,3, ... }.
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The degree of best trigonometric approximation of an arbitrary function
in weighted space Ly, ,(X) is define by

En(Fpa = inf {If = tallpg » tn € Hn} cooveerereeernenn. 3).

Denote by w(f, §)p,, the modulus of continuity with respect to the
Ly, —norm i.e.

w(f,8)pa = Sup A fllpe (0O<E <) i 4)
helo,58]

where A f(x) = |f(x) — f(x + ).

elmx

Suppose that F(f) = Ype—oo Cn—— «veveererinennnns. ®)

a(x)

is the Fourier series of f € L, o(X) for which the integral over X is zero so
that C, = 0. Given any a > 0, we define the a-th integers of f by the identity

e imx

[o.0) Cm
[a(f,%) = B GoBa oo e (6),

1 _a 1
where (l_m)a—lml exp (—smia signm) .

As is well known [12] for f, (x) = I,(f, x) exist possibly for almost every x,
is Lebesgue-integrable and F[f,] = f,(x) a.e.

In this case for a > 0, the convolution

F00) = (F 1) = — [ LETWal g0, 7)

2md-m a(x)
is of class Ly 4 (X).
In several cases, the last Fourier series converges for every or a.e. x, its sum
fEDE) = L[ f1(x) see[12].
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If 0 < a < 1, the derivative f(x) of f is defined by the formula

FO@) =Zhg(fx) oo (7)

provided the right said exists. We set

F@O @) = (FO@YF = L (%) oo (8)

For positive integer k.

Let f be a complex-valued function defined in the closed interval [—m, 7].
Then

Voo (f, =1, = sup {Z7531f (x11) = FOD[T P <0, (1 <p <
T

where I1 denotes the partition {—m = xy < x; < -+ < x,, = m} is often called
the p — th variation of f in [—m, m].

The aim of this paper is to present some approximation theorems for
unbounded functions in space L, o (X). Their proofs are based on the suitable
result announced in [4] and [11].

2. Auxiliary theorem

Let us explicitly formulate direct theorem of the order degree of best
approximation of unbounded functions by algebraic or trigonometric
polynomials in weighed space.

Theorem (A):[1]
Let f be unbounded function in weighted space L, ,(X) and (1 <

p < o). For every natural k there exist constant c(k) depending on
k, such that

En(f)p,a < C(k)wk(f' \/ﬁ)p,a .
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3. Main results

Considering for any unbounded function f belong to weighted space
Ly «(X) such that [ ; < M for all x € X, we shall prove the
following

Theorem (1)

Suppose that function f in space Ly, ,(X), (1 < p < »), witha

derivative f*~1 of non-negative integer order k — 1 and absolutely

continuous in X. Then
C(k)
En(f)p,a < 7En(fk)p,a for n=0,1,2, ... .

Proof :

Let (5) be the Fourier series of f € Ly, ,(X) and k positive integer.

We have

ax o .
F®(x) = 1k [F1(x) = X% __ Cpy (im)* (k)( 5 for all x. Moreover

elmx

FIf®](x) = Zp=-o Cm(im)* T

etm

Thus f®(x) = Yim-—c Cn(im)* (k)( et [f(k) * O ](x) where

sinmx

Pp(x) = Biie oo 2Ym=1

(lm)k m

For each trigonometric polynomials &, (x), 1, (x) of order n at most, there is
a trigonometric polynomial T, (x) such that

fG) = () = o= [, {f P () = Eu(OHPR(x — 1) = 7 (x — D}t

= — [ {F© 0 =) — & (x — W HPL () — 0,y () }du

Thus
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1
el

EPpa < I~ Tallpa = (1,

1

1 £ G—w =g el \P
S;{<IX | a(x) | dx) (fX

CI>n(u)—77n(u)| du)

a(u)
whence

En(f)p,a < iEn(f)p,a -En(q)n)l,a .

We have from direct theorem (A)

1
En(f)p,a < Cw(f' m)l,a 5
from properties of modulus of continuity, we have

w(f,28) = Lo (f,5),

n—u Iif 0<u<m
SO’CD"(U')={O ifu=0u=7r}

ie. V(®)(u) = 2(2m) = 4m , UE [—m,m.
Hence

an Ci(p) 1
n+1 " 2m

C2(p)
En(f9), 0 < 22 B (F®),, .

n+1

Exn(fpa <
Theorem (2)

Let f € Ly o(X), (1 < p < ) and the trigonometric polynomial T, (x) =
T,.(f, x) of order n at most such that

If = Tallpw < COEa(Fpa » =012, oo, (10)

for all satisfies the conditions of theorem (1), with positive integer k. Then
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lr® -9, , < COROESF e .+ n=012,.

Proof :

Let F,(f, x) be denote the v — th partial sum of the Fourier series of f and let
V,(f, x) be the Vallee-poussin means of this series, defined by the foemula

1
W, ) = —= Y2 Fy(f,x) , n=012,.. .

As is well know, for any f € L, o (X)

_ 1 |fOHDBR® e
Vn(f:x) - T[fX | a(t) |dt ) lfp - 1
: 1 . 1 . (3.1
_1l¢on 51n(v+g)t _ sm(n+g)t.51n(5n+5)t
where ﬁn(t) TogavEn Zsin%t B 2(n+1)(sin%t)2 and
1 1 4an+1
“Jy Ba®dt =1, [ 1B (O]dt <2..— < 4.

Moreover

Un(F®,x) = 1, ®(f, x) , whenever, f® € L, ,(X) .

1
p D
dx)
1
p P
dx> +

By Minkowsk’s inequality, we obtain

FRO) -1 (£,x0)
a(x)

|Vw_n@qmm=<&

s(fx

Y ® (0 -1 W (£,0))

a(x)

F® ()=, ®(£,x)

a(x)

1
p P
dx)

(5
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1

p P
dx)

T8 W (F20) -1 (£,

a(x)

+(fX

Set p,, (f, x) the trigonometric polynomial of best approximation of f in
weighted space Ly, ,(X) of order n, we have

1

p P
dx) <
1

a1, ")

< 179 = pa(F O+ [9u@a(FR) = £,

a(x)

F® ()=, (£,%)
J

pa(F9,2) -, ® (£,

a(x)

(f FIO ) —p (F90 )
X

a(x)

from Zygmand inequality gives

1
O W r)-tP 0’ \P
( Iy e dx | <
1
K Tn (P (f, %)) =Tn (f ) |P P
n* ([, o dx)’......(13)
And
p = L
PP (£, - (W (£.0)) P K Y (f ) =Tn@n(FDP , \P
(fx () ax) < @y (/, a(x) )
< G (P)(Zn)kEn(ll’n (f))p,zx ------- (14)
From (13) and (14), we obtain
1 1
Tn (P (f, %)) =Tn (f ) [P » Tn (Pn (f, )= () |P P
(fX a(x) | dx) S (fX a(x) dx)
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T
b dx)p +

¢n(f'x)_f(x)

a(x)

+(J;

1

( I, |f(x)—Tn(f.x>|P dx)E

a(x)

< C3 (p)En(lpn(f))p,a + C4En(f)p,¢x + Cs(p)En(f)p,a (15)

and

En(n(f)pa < CEn(fpa

Thus, from (12), (15) and (16), we get
lf 00 =T, < CEn(f)pa + Cn®(Cs®) + DE(fpa

+C9(p)En(f)p,a
and by theorem (1) then (11) follows.
Theorem (3)

Let f € L, o(X), (1 < p < =) and that the derivative f (@) in weighed space
with 0 < a < 1. Then

C
En(Fpa < (nij;aEn(f@)p,a for n=0,1,2 e rvererrn., (17).

Proof :
Putting (x) = f(:cf(u)du, we have G, (x) = X%__, C,,,(im)~1(e™)
= f1(x) — £(0)
uniformly in x € —oo, ). Consequently G, (x) = I,,(x,g) — 1,(0,g) V x.

Therefore, for all real x
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Ga(x) == [, @,(x —w)g(u)du — £(0),

Jy @nlx—w)du=0.

For each trigonometric polynomials {,, (x) and n,,(x) of order n, there is a
trigonometric polynomial T;,(x) such that

G () = T (0) = o= [, {g(x = 1) = Gu(x = W)} {P4 (W) — 1 (W) }du —
I4(0, 9).

Assuming 0 < b < m , we have

1
G(x+b)—Ty (x+b)—(G(x—b)—Ty (x—b))|P P _
{f | 2b a(x) | dx} -
1 gx+b—u)={n(x+b—u)—(g(x—b-u)—{n(x—b-u))
E{IX |fX 2b a(x) {Cba(U) -

mn()}du| dx}’
< — [ 1@ (u) -

gx+b—u)—{n(x+b—u)—(g(x—b—u)—{n(x—b—-u) p P
@I, | -l | axf a

1

we take the best approximation of functionsg (v) and ®,(v) they ¢, (u)
, Ma(u) in spaces L, o (X) and L, (X) respectively. Then

1
G(x+b)—G(x—b)  Tn(x+b)-Typ(x—b)|P P
o {fX | 2b a(x) N 2b a(x) | dx}

1

gw+b)—gw=b) _ {n(w+b)={n(v-b)|P P
= {fX | 2b a(x) 2b a(x) | dv} 'En(q)a)l .

By theorem (2), we have
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p P @y r@ [P P
dx} S{fx g Wt ® dv} B (D), .

a(v)
< C(p)En (g(l))p,zx- En(cba)l

G,(ll) (x) —T,El) (€3)
a(x)

Feo-1Pw|"

a(x)

So, ”f — T,El) ”p } <?2m {fx dx}; and consequently

1
En(f)p,a < E CEn(f(a))p,a-En(q)a)l >

By direct theorem [], we have

3 1 3 1
En(f)p,a < ; CEn(f(a))p,awl(m'CDa) < ; CEn(f(a))p,avl(CDa) ?

@ (a)

the desired assertion is established.

Theorem (4)

Givenany f € Ly, ,(X), (1 < p < ), let us consider the trigonometric
polynomial T,,(x) = T,,(f, x) of order n such that

”f(k) — T,Ek) ”p . < C(pk)E, (f(k))p'a , with some positive non-integer k.

The proof runs analogously of theorem (2).

1421



Za, %

\A
- - " %paI’S.SN: 42|7-1994e \)( .
Tl g daaly /A il A0S i coness lad) L gal alad) jaigal)

References

1. A. Alaa, On the degree of best approximation of unbounded
functions algebraic polynomials, Journal Ibn-Al-Haitham journal for
pure and applied science,vol. 29, Iss. 2 (2016).

2. A. Andreev, V. Popov, B. Sendov, Jackson-type theorem foe best one
sided approximation by trigonometric polynomials and spline,
Zametki, Vol. 26, No. 5 (1979), pp. 889-896.

3. A. Banbenko, N. Chennykh, V. Shevaldin, The Jackson-Stechkin
inequlity in L, with a trigonometric modulus of continuity, Math.
Zameki, pp. 928-932 (in Russian)

English translation : Math. Notes 65 (5-6) (1999), pp. 777-781.

4. R. Devore, G. Lorentz, Constructive approximation, Springer Verlag,
Berlin (1993).

5. B. Deranganov, A. Parvanov, On estimating the rate of best
trigonometric approximation by a modulus of smoothness, Acta.
Math. Hungar, 131 (2011), pp. 360-379.

6. B. Deranganov, A new modulus of smoothness for trigonometric
polynomial approximation, East journal approximation, 8 (4) (2002),
pp- 465-499.

7. H. Meikle, A new twist to Fourier transform, Berlin, Dover (2004).
8. V. Popov, On convergence and saturation of Jackson polynomials in
L, — space, Journal approximation theory and application, 1-10

(1984).

9. V. Shevaldin, The Jackson-Stechkin inequality in the space C(T) with
trigonometric continuity modulus annihilating the first harmonics,
proc. Steklov Inst. Math. Approximation theory, Asymptatic
expansion, Suppl. 1 (2001), pp. 206-213.

10. R. Taberski, Approximation of functions possessing derivative of
positive orders, Ann. Polon. Math. XXXIV (1977), pp. 13-23.

11. R. Taberski, Trigonometric approximation in the norms and semi
norm, Stud. Math. T. LXXX (1984), pp. 197-217.

12. A. Zygmund, Trigonometric series, II, Cambridge (1959).

1422



