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On Linear Ordinary Differential Equation With Orthogonal Polynomial Solutions
م.م. ولدان وليد محمود	
خلاصة :  إننا في هذه الدراسة  نريد ان نعطي فكرة واضحة وشاملة عن المعادلات التفاضلية الخطية التي تكون حلولها متعددات حدود متعامدة. وفي حقيقة الامر , سنصب اهتمامنا نحو المعادلات التفاضلية من الرتبة الثانية والرابعة . 
Abstract  : The subject of orthogonal polynomials cuts across a large piece of mathematics and its applications. In this paper we give a  survey of the orthogonal polynomial solutions of second-order and fourth-order linear ordinary differential equation, on the generated self-adjoint differential operators .
1. Introduction      
   With important applications, orthogonal polynomials theory was developed during the 20th century. Krall [3] gave necessary and sufficient conditions for orthogonal polynomial systems satisfying an Nth order linear differential equation of spectral type with polynomial coefficients. Furthermore he showed that the differential equation must have even order as an orthogonal polynomial system exists as a solution set. In this paper N=2 and N=4 are described. Kwon and Yoon [5] found that if such a differential equation has an orthogonal polynomial system of solutions, then its differential operator must be self- adjoint. Ronveaux [1] emphasize the link between the order N of the differential equations satisfied by a family of orthogonal polynomials and the scalar product generating orthogonality .Classical orthogonal polynomials (Jacobi, Legendre, Hermite, Laguerre and Tchebycheff) are important classes of orthogonal systems, which are classified ( [2]) in the following manner :
Jacobi polynomials, 
Legendre polynomials, 
Hermite polynomials, 
Laguerre polynomials, 
Tchebycheff  polynomials, 
Legendre and Tchebycheff polynomials are well-Known subcases of Jacobi polynomials. The problem of this paper is to survey a class of second and fourth order differential equations having these orthogonal polynomials as solutions. 
A system of polynomials   is said to be orthogonal with weight function  on the interval  if their inner product is given by 
.
Where  is the orthogonal polynomial of  degree of the considered system, m and n are any nonnegative integer numbers .
 
1. Second order linear ordinary differential equations

Consider the following differential equation :

                         (1)
where the coefficients  are assumed to be real polynomials
in the real variable x none of which vanish identically and  is a polynomial in  ,  
Assume that equation (1) have polynomial solutions  of the form
 
If 
    
     
  
                         
            
Therefore we get the following :



From (2)   From (3), (4) we find that andmust contain the factor R. Dividing out this factor and we assume that 
   and  therefore we can rewrite equation (1) in the following form :

put  , from (3) we have :

from (4) we have :
 .
Then let  ,  and .
Thus   where  are arbitrary valued , and  the value of  being uniquely determined when is given.


That is the polynomial  is of degree two and  is polynomial of degree one and since have the divisor  therefore  is polynomial of degree zero that is  is constant, then we can take 
Thus   and  therefore we can write equation (1) by the form :   



Example 2.1 : Consider the differential equation

This equation have solution by the form ,
substitute the value  in the above equation to get the value of  which is  
 .
In the general form we can prove that by assume 
Definition 2.2 : consider the second-order linear differential operator 
assume that  are all continuous and have continuous  derivatives on an interval and that  on  , the corresponding second-order linear differential equation is                                            
The adjoint equation to equation (5) is 
  
This reduces to 
(6)                                                 
Where the primes denotes differentiation w.r.t. . Thus the adjoint equation to the second-order equation (5) is equation (6). If    the second-order differential operator is called self-adjoint operator .
Theorem 2.3 : The sufficient and necessary condition to make the equation (5) self-adjoint is :
   on the interval  .
Proof : If  satisfies then we get
  . Substitute in equation (6) we get 
then   that is equation (5) is self-adjoint .
Revers that if the equation (5) self-adjoint we get the following :
 
 
From the second equation we get    where  is arbitrary constant, and from the first equation we get   that is , thus the sufficient and necessary condition to make the equation (5) self- adjoint is  .                   
Corollary 2.4 : If the differential equation (5) is self-adjoint, then we can write it by the form :
 .
Proof : Since the second-order differential equation is self-adjoint by assumption then the condition   is satisfy therefor we can write equation (5) by the form 

                                  .                            


Example 2.5 : Consider  Legendre differential equation 
 
in this equation 
 See,   this is the sufficient and necessary condition to make Legendre equation self- adjoint  that is we can write Legendre equation in the form    
 
Remark 2.6 : If we multiply the differential equation (1) by the weight function  then we get the following equation :
 ;
From theorem 2.3, the sufficient and necessary condition to make this equation self-adjoint is  , this differential equation we can write in the form of   .
Theorem 2.7 : Suppose the linear second- order differential equation (1) is self-adjoint, the set of polynomial solutions  for this equation is orthogonal on the interval  with respect to the weight function  if  when 

Proof : consider the following equations :
  
 
Such that  , multiply the first equation  by  and multiply the second equation  by  , and addition them , we have the following 
, 
Integrate to side on the interval   with respect to variable  
 ,
 
Let     , integrate them by parts then substitute the condition    at  . We get     , therefor   . And since   then   .                                              
1. Fourth order linear ordinary differential equation 

Consider the following differential equation :

 

It can be shown for this equation to have polynomial solutions of the form 

It is necessary that  be a polynomial of at most degree four,  be a polynomial of at most degree three,  be a polynomial of at most degree two,  be a polynomial of degree one, and  be a polynomial in   see [4]. 
 
 In the following remarks [4] we introduce the sufficient and necessary conditions for the orthogonality of the set of solution  of fourth order differential equation over interval  w.r.t , a suitably chosen weight function 

Remark 3.1 : If  and its first three derivatives are continuous and differen tiable on  and if  :   hold
then equation (7) , after multiplication by  w(x) , is self-adjoint.  

Remark 3.2 : If the conditions of theorem 3.1 hold and if 
 
 
 
hold, and  , then respective solutions of (7) are orthogonal.


Orthogonality of the solution set of equation (7) with respect to a classical orthogonal polynomials (Jacobi, Laguerre, Hermite) we studied now where the basic intervals under consideration are those of the classical polynomials since an interval   can be transformed into  and half-lines  or  into  , see [4]. 


Jacobi polynomials . 
Theorem 3.3 : Suppose that  are solutions of equation (7) then this solution are orthogonal with respect to Jacobi polynomials 
(.
Proof : Let     , 
           such that    
 and   positive real functions definer over an interval  
 then        integration by parts ,
 assume that 
 
 
since   at the ends of interval  then  
 ,
If we continue integration by parts for m times then 
 
Integrate  once time  by parts again as follows 
 
 
Therefor             
Since  be a polynomial of at most degree m , then 
Thus  , i.e.,   are orthogonal polynomials with respect to the weight function   .                                                                                                 


Laguerre polynomials . 
Theorem 3.4 : Suppose that  are solutions of equation (7) then this solution are orthogonal with respect to Laguerre polynomials ,
(.
Proof : Let   
  and let      
then      integration by parts ,
 assume that  
 
 
since   at the ends of interval  then  
 
If we continue integration by parts for m times then we get 
 
Integrate  once time  by parts again as follows 
 
 
Therefor             
Since  be a polynomial of at most degree m , then 
Thus   .                                                                                                        


Hermite polynomials .
Theorem 3.5 : Suppose that  are solutions of equation (7) then this solution are orthogonal with respect to Hermite polynomials,
(
Proof :  Let   
            and       
then      integration by parts ,
 assume that  
 
 
since   at the ends of interval  then  
 
If we continue integration by parts for m times then 
 
Integrate  once time  by parts again as follows 
 
 
Therefor             
Since  be a polynomial of at most degree m , then 
Thus   .                                                                                                        
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