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Some resulte about the restraction of caristies theorem to
continiouse function and the contraction property in banach
space
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ABCTRACT

In this paper ,we show the restriction of Caristi's theorem to contininiouse
function ¢ can be derived directly from the Zermelo theorem.,on the other

hand we consider the completeness and the contraction property in
banach space and show that the contraction property implies Lipschitz-
completeness or arswise- completeness in a metric spaces .However, in a
metric spaces, the contraction property does not imply the usual
completeness .
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1-INTRODUCTION
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Many authors have considered the topological characterization and the
equivalence of the contraction property in fact we will show that the
Caristi fixed point theorem holds only in a complete metric set and
Sullivan show the sane for the ekeland principle. These lead naturally
to the question whether a metric space with the contraction property is
complete .This implies thata normed space is complete if and only if
every contraction on the space has a fixed point, As long as the
interesting result that a uniformly lipschitz-connected (such as a convex
subset of a normed space) has the contraction property if and only if the
subset is complete

Let X be a non empty set and T be a self-map of X . Let Fix(T) denote
the set of all Fixed point of T the converse to Zermelo's fixed point theorem
said that if

Fix(T)# ¢, then there exists apartial ordering = such that every chain in

(X,<) has a supremum and for all x € X. x < Tx.This result is a converse of
Zermelo's fixed point theorem .we also show thata normed space is
complete if and only if every contraction on the space has a fixed
point , As long as the interesting result that a uniformly Lipschitz-
connected (such as a convex subset of anormed space) has the
contraction property if and only if the subset is complete.
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2-SOME PRELMINARISS OF THE CONTRACTION

PROPERTIES

In the following there are many of more general formulations of the
equivalence of coy;, y,mpleteness.

Theorem 2.1.[5].

Let: [0,1] — C be Lipschitz arcs with y;(1) = y,;(0). Then

is also a Lipschitz arcs .

Proof: Let s,t € [0,1]. For s,t € [0, %] there exists a constant L; > 0 such that
d(Y(S)Y(t)) = d()’z (2s),y, (Zt)) < Lq|s —tl,

and for s,t€ E, 1], there exists a constant L, > 0 such that
d(y(s)y(D) = d(y2(25),y2(20)) < Lyls — tl.

For se [O, %] andt € E, 1] ,we have

1|+L1t|
ST TR

dGE,y© < d <y<s),y (%)) oy (3) v <Ly

SL1(§—5)+L2(t—§)sLl(t—s)+L2(t—s)
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:(Ll + Lz)lt - Sl.

This implies gis a Lipschitz arc. m

Theorem 2.2

Let S=U {L,: a € I}, where {L,: o € I} is a family of Lipschitz-connected
subset of a metric space. For arbitrary Lg, L, € {Ly: a € I},there exist Lg =
Lo, Ly, -, Ly Ly = Ly such that L N Lj; # @ for all i=0,1,...,k. Then S is
Lipschitz-connected .

Proof :Assume X, € Lg, X, € L, , for Xo,X; € C. There exist Lg =

Lo, L1, «.v, Ly Lkgs = Ly such that L N Li;; # @.By theorem (2.1) Ly, L, are

Lipschitz-connected and UX* L; is also Lipschitz-connected and there is

Lipschitz arc x4, x; € C then S Lipschitz-connected . m
Example 2.1.

Let N be a subset of a normed space defined by
N={(t,0):t € [0,1] U (Ui-of(275t);t € [0,1]D}.

By Theorem 2.2 N is Lipschitz-connected.
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Definition 2.1[4]
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Let X be a Banach space, Y:(0,1] — S is called a semi-closed arc if for
each € > 0 there exists some § > 0 such that d(Y(s), Y(t)) <égforall 0<
s < t.asemi-closed arc Y is called Lipschitz semi-closed arc if g satisfies
the Lipschitz condition .

Definition 2.2[4]

Let X be a Banachc space.

(1) Xis said to be arcwise-compete if for each semi-closed arc
y:(0,1] — X, lin(l) y(s)exists in X ;
S—

(2) X issaid to be Lipschitz-complete if for each Lipschitz semi-closed
arc

y:(0,1] — X, lirré y(s)existsin X .
S—

Notation.

Arcwise completeness is weaker than usual completeness even if in an
arcwise connected space , so is Lipschitz-completeness . It is obvious from
the definitions that Lipschitz-completeness is weaker than Arcwise
completeness.

proposition 2.1[6] Let X be a Banach space .

X is arcwise-compete if N F, # @ whenever {F,:n € N} is a sequence of
arcwise connected and non empty closed subset of X with F,,,; € F,, and
sup(F,) =0
Proof: Let X be an arcwise-compete space. {E,:n € N} is a sequence of

arcwise connected and nonempty closed subset of X with F,,,; € F, and
sup(F,) = 0.
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For each F, choose x,, € E,. Define g is follows:

1 1
Y(E) =y s =1,V o <s<opm=12,.

Where y, : [0,1] — F, such that y,,(0) = x;,,41, gn(1) = x,,. Since
sup(F,) =0,

y is semi-closed in X and li‘l’{)l y(s) = x € X (by arcwise —
S—

competeness of X ).

y(s)E F, for all s€ (o, zin] X € F, (since F, is closed ) this implies that N
F,#0.m

3-TWO RESTRICTION OF THE CARISTI
THEOREM

the assumption of theorem (2.2)[Zermelo's theorem of fixed point]can be
weakened to ~each nonempty well-ordered subset has an upper
bound  Under the axiom of choice, ~[see ,4 ].

The following result is independent of axiom of choice.

Theorem (3.1) [ 5]

The Zermelo's theorem implies the restricition of Caristi's theorem to
continuous function ¢ . more precisely, if T is a self-map of a complete

metric space (X,d) such that
d(x,Tx) < o(x) — (Tx) for all x€X.

with a continuous function @:X— R then T and X endowed with the
condition

x <y if  dxy) < o(x) - o(y).
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satisfy the assumption of theorem (2.2)
proof:
Let = be the partial ordering defined on X by x = y if d(x,y)<0(x)—0(y).
by condition:
d(x,Tx) < o(x) — @(y) forall x € X.
Clearly that T is a progressive map on (X,=) .

Let C be anonempty well-ordered sub set of (X,=) .

We treat C as a net ,let {x;} o € C is couchy ,hance convergent to some
Xp,and x5 < Xp.

Now to show that xy=sup C.

By the convergence we get

d (X5,X0) < 0(x5) — 0(x9) for allo €C

That mean X, is anupper bound of C .

Let x be an arbitrary upper of C. Then

d(x0,%) < d(xg, X5) + d(X6,X) < d(X, X5) T 0(X0) = (x)
So by taking limit and by continuity ¢ we obtain that:
d(x0-X) = 0(x9) —(x) .

Soxy=supC.m
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In fact the Zermelo theorem implies the Banach contraction principle.

Now to prove that the theorem (2.2) applies

Let T: X — X be a Banach contraction with a constant « €(0,1).
Let p(x)=(1-o< )" d(x,Tx) for x € X.

Since ¢ is continuous so every non-empty well-ordered subset in (X,=)has a
supremum and T is progressive (X,=).®

Thus ,the following theorem show that, when the metric is fixed, Caristi's
theorem is more general than its version involving a continuous function
convered by Zermelo's theorem .

Theorem (3.2)

Let (X,d) be a matric space. If X has a limit point ,then there exists a
mapping T on X such that none of iterates of T Satisfies
(d(x, Tx<(x)-@(Tx)) for any continuous function ¥:X — R.
Proof

Let x, be a limit point of X .There exists a sequence (Xg)n=1 such that

Xn = Xg, X # Xg and x; # x; if i # j. Consider an arbitrary partition of
N:

F= U{kg):ne R}

jEN

where kY < k9 and k9 = kD if i+

j.For convenience denote
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y;’)—xk for jneRand y —xo for jeER

Then y,(f) - Xp as n -
. Hence , by passing to subsequences if necessary,we may
assume that for all j,n € R,

d(y ,X0) <1 and d(yn ,ym) <1/2™ for m>n ........... (1)

We define a mapping T . Set Txy = x¢ and for j € R,

Tyn —yn 1for n=1,...,j andTyn —y] for n>j.
Denote Xy = {xo}U{ j,nme€ N} and set Tx = x for x € X\X,.

We define a function g.Set @(xy) = 0 and for j €R,

g = Z a2y, v for n=1...j

g = Z a2,y +doP,yP) for n>j

It is easily seen that by (1), for all n€ Rand j > 1,

9P < d(xo.y?) + Z doL ") +1/2

j o
< 1+Z1/2i-1+1/21'< 1+Z1/2i=2,
i= i=1
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Whileg(y¥)= d (xo, yi")) < 1so that ¢ (y,({)) <2 foralljne
R.For x € X\X,

,set g(x) = 2.

Now we show that g is Isc . Since forall x € X, g(x) > 0 =
g(x9), g is lower semi continuose at x,.Since ,in fact,

Xy = {xp:n € N}JU{x(} and x,
— xo,we get that X3 ,the derived set of X,.

Since the set
X\Xy is open and ¢ is constant on it , ¢ is continuous at each poin
t xe X\XO .

Now suppose, there exist a k € N and a continuous functionf: X — R
such that (*) holds with T* substituted for T . Observe that for all n > k,

Ty =y 50 by (+), dy%, Ty = d(y®, y{)
< £y - £{).

Hence taking the limit with n— oo yields
d(xo,yi")) < E(x)) — £ .l 2)

On the other hand ,by (x) we get d(y'®, T*y™) = d(y{?, x,) <
E(?) — £(xo).

Hence and by (2) we obtain that ygk) =

Xxo, Which yields a contradiction . m
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4- THE EQUIVALENT BETWEEN COMPLETENESS AND
THE CONTRACTION PROPERTY.

In this section , we consider the equivalence relation between completeness
and the contraction principle in the sense of the equivalence metric .

Theorem 4.1 [8] Let T operate on a metric space (X,p) . There exists
abounded metric o uniformly equivalent to p on X such that T is a Banach

contraction under o if and only if T is uniformly continuous and
diam(T"X) - 0.

Theorem 4.2 [2] Let (X,d) be a Banach space. If X has the strong
contraction property, then X is arcwise-complete.

Proof: Let X be the completion of X ¥(0,1] = X be a semi-closed arc and

xX= lin01 ¥(s). Set¥(0)=X and X = X U {x}. Then g continuously
S

extends to a mapping on [0, 1].

Observe that ¥(s)=» X as s — 0 . For each number sequence {€;}}-, with
1=¢€p>€1>¢€,>.and €, — 0 as k — «, there exists a sequence
{61}k=1 suchthat 0 < 81 < 6 < €, and

4,1) d (¥(t')¥(t”)) <€, VOt t<é,.

Axy) and h:X — [0,1] be given by

Letd(x,y) = Trdty

6k+1 H(x,f)—ek_l ﬂ ek—a(x,f)

S , g <dxx)<e€,1,k=12,..

€x—€k—1 2k ep—e€p-1

h (x)=
0, X

I
=l
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Define T:X —» X by
T=g O h.
each x € X, we have

6k+1 H(x,f)—ek_l ﬂ ek—a(x,f) 6k+1+
2k+1° — 2k+1

|h(x) — 0] =

Sk
. —< &6
€r—€k—1 Zk €r—€k—1 Zk k

By (4,1)
d(Tx,%) = d (¥(h(x))),¥(0) < &

Assume €,,; < d(Tx,X) < €, where k' = k.Then

6k1+2 d(x,f)—ekr 6
Zk,+2 "€

o1 ekr+1—a(x,f)
K+1° +1—€,
2 € +1 €

Jh(Tx) — 0| =

—€,

K+1~ %k

By (4.1) d(T?x,X) = d(¥(h(Tx), g(0))) < €341.
Hence d(T"x,x) < e,(n—1) <€, Vx€ X.

We get diam(T' (X)) - 0 as n -
o and the conditions of Theorem 4.1 are satisfied.

By Theorem 4.1, there is a metric d* uniformly equivalent to d such that
T:X — X is a Banach contraction mapping with respect to d*. Thus X is the
unique fixed point of T in X .Finally observe that T:X—X and X has the
strong contraction property . ®

Theorem 4.3 [9] Let (X,d) be a locally arcwise-connected metric. If X
is arcwise-complete, then X has the strong contraction property .

Proof: Let d* be a metric uniformly equivalent to d, T:X—X a metric
contraction under d*with contraction constant 0 < h < 1.

1506



Jal g daala [ A il A4 salad) gl alad) jaigall

Note that T is contractive and d* is uniformly equivalent to d .Select, as we
may ,Xq in X with d(xg, TXg) < 8 and arc gy:[0,1] -

X which connect x, and Tx .For each k € N, define g: [0,1] —

X by gi(s) = T¥g,(s)forall s € [0,1] .Then g connects Xy =

TX(x¢)and x4, = T 1(x,) for each k € N.Now {T"x,} is a Cauchy
sequence under d* ,so that it is also a Cauchy sequence under d.

Define g(0,1]— X by

1 1
Sk+1 <s Sz_k'

k=1,2,...g(s) = g (2"*1s - 1), v

since T is a metric contraction ,it follows that g is a semi-closed arc, g(s)—
x* € Xass — 0 and {T"x,} — x".Finally, observe that {T"x,} is a Cauchy
sequence under d .Then x* is the fixed pointof T . m

Theorem 4.3 can be considered as a generalization of the Banach
contraction principle under weaker completeness.

Combining Theorem 4.2 and 4.3 ,we have the following theorems.

Theorem 4.4 Let X be a locally arcwise-connected metric space. Then
X is arcwise-complete if and only if X has the strong contraction property .
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