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للدوال المستمرة وخاصیة الانكماش في   ارزتیزحول توسیع مبرھنة ك النتائجبعض 
 فضاء بناخ 

 –انسام غازي نصیف 
 / جامعة واسط  علوم الحاسوب والریاضیاتكلیة  

: الخلاصة  

للدوال المستمرة بالاعتماد  ارزتیزالحصول على توسیع لمبرھنة ك في ھذه الدراسة نبین امكانیة       
ك  وبعد ذلفضاء بناخ  خاصیة الانكماش والكمال في  ومن جھة اخرى نبین. ملورعلى مبرھنة زو
 ش تحقق الكمال في الفضاءات المتریة.خاصیة الانكما ونبین إن  صیة الانكماش نأخذ الكمال وخا

 ABCTRACT 

 .In this  paper ,we show the restriction of Caristi's theorem to contininiouse 
on the other ,can be derived directly from the Zermelo theorem. function 

hand we  consider  the  completeness  and  the  contraction  property in 
banach space and show that the  contraction  property  implies  Lipschitz-
completeness  or arswise- completeness in a metric spaces .However, in a 
metric spaces,  the  contraction  property  does  not  imply  the  usual  
completeness . 
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 1-INTRODUCTION 

Many  authors  have  considered  the  topological  characterization  and  the  
equivalence  of  the contraction  property  in  fact  we will  show that  the  
Caristi  fixed  point  theorem holds  only  in  a  complete  metric  set  and  
Sullivan  show  the  sane  for  the  ekeland  principle .  These  lead  naturally  
to  the  question  whether  a  metric  space  with  the contraction  property  is  
complete .This  implies  that a  normed  space  is  complete  if  and  only  if  
every  contraction  on  the  space  has  a  fixed  point , As  long  as  the  
interesting  result  that  a  uniformly  lipschitz-connected  (such  as  a  convex  
subset  of  a normed space) has  the  contraction  property  if and only if the 
subset is complete 

       Let X be a non empty set and T be a self-map of X . Let  Fix(T) denote 
the set of all Fixed point of T the converse to Zermelo's fixed point theorem 
said that if  

 chain inevery  such that ordering there exists apartial , then ϕ ≠ )TFix( 
(X,≼ ) has  a supremum and for all x ∈ X. x  ≼ Tx.This result is a converse of 
Zermelo's fixed point theorem .we also show  that a  normed  space  is  
complete  if  and  only  if  every  contraction  on  the  space  has  a  fixed  
point , As  long  as  the  interesting  result  that  a  uniformly  Lipschitz-
connected  (such  as  a  convex  subset  of  a normed space) has  the  
contraction  property  if and only if the subset is complete. 
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 2-SOME PRELMINARISS OF THE CONTRACTION 

PROPERTIES 

In the following there are many of more general formulations of the 
equivalence of co𝑦𝑦1,𝑦𝑦2mpleteness.                                                                    
                                                                                      

Theorem 2.1.[5]. 

Let : [0,1]  ⟶ C  be Lipschitz arcs with  y1(1) = y1(0). Then  

y(t) = �
y1(2t),        0 ≤ t ≤

1
2

,       

y2(2t − 1),    
1
2
≤ t ≤ 1,

 

is also a Lipschitz arcs .  

Proof : Let s,t ∈ [0,1]. For  s,t ∈ �0, 1
2
� there exists a constant L1 > 0 such that  

d�y(s)y(t)� = d�𝑦𝑦2(2s),𝑦𝑦2(2t)� ≤ L1|s− t|, 

and for s,t∈ �1
2

, 1�, there exists a constant L2 > 0 such that  

d�y(s)y(t)� = d�y2(2s), y2(2t)� ≤ L2|s − t|. 

For s∈ �0, 1
2
� and t ∈ �1

2
, 1� , we have  

d(y(s), y(t) ≤ d�y(s), y �
1
2
�� + d(y �

1
2
� , y(t)) ≤ L1 �s −

1
2
� + L2 �

1
2
− t� 

            ≤ L1 �
1
2
− s� + L2 �t − 1

2
� ≤ L1(t − s) + L2(t − s)         
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 =(L1 + L2)|t − s|.                                                       

This implies  g is  a Lipschitz arc . ∎                                                                 
                                

Theorem 2.2 

Let S=∪ {Lα: α ∈ I}, where {Lα: α ∈ I} is a family of Lipschitz-connected 
subset of a metric space. For arbitrary Lβ, Lγ ∈ {Lα: α ∈ I},there exist  Lβ =
L0, L1, … , Lk, Lk+1 = Lγ such that Li ∩ Li+1 ≠ ∅ for all i=0,1,…,k. Then S  is 
Lipschitz-connected . 

Proof :Assume x0 ∈ Lβ, x1 ∈ Lγ , for x0, x1 ∈ C. There exist Lβ =
L0, L1, … , Lk, Lk+1 = Lγ such that Li ∩ Li+1 ≠ ∅.By theorem (2.1) L0, L1 are 
Lipschitz-connected and ⋃ Lik+1

i=0  is  also Lipschitz-connected and there is 
Lipschitz arc x0, x1 ∈ C then S Lipschitz-connected . ∎ 

Example 2.1.  

Let N be a subset of a normed space defined by  

N = �(t, 0): t ∈ [0,1] ∪ (⋃ ��2−k, t�; t ∈ [0,1]�)∞
k=0 �. 

By Theorem 2.2   N is Lipschitz-connected. 
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 Definition 2.1[𝟒𝟒] 

Let  X  be a Banach space , Y:(0,1] ⟶ 𝑆𝑆 is called a semi-closed arc if for 
each 𝜀𝜀 > 0 there exists some 𝛿𝛿 > 0 such that 𝑑𝑑�𝑌𝑌(𝑠𝑠),𝑌𝑌(𝑡𝑡)� < 𝜀𝜀 𝑓𝑓𝑓𝑓𝑓𝑓 𝑎𝑎𝑎𝑎𝑎𝑎  0 ≤
𝑠𝑠 < 𝑡𝑡 . a semi-closed arc  Y  is called Lipschitz semi-closed arc if  g satisfies 
the Lipschitz condition . 

Definition 2.2[𝟒𝟒] 

Let  X  be a Banachc space. 

(1)   X is said to be arcwise-compete if for each semi-closed arc  
y:(0,1] ⟶ 𝑋𝑋, 𝑙𝑙𝑙𝑙𝑙𝑙

𝑠𝑠⟶0
𝑦𝑦(𝑠𝑠)𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑖𝑖𝑖𝑖 𝑋𝑋 ; 

(2)   X   is said to be Lipschitz-complete if for each Lipschitz semi-closed 
arc  

y:(0,1] ⟶ 𝑋𝑋, 𝑙𝑙𝑙𝑙𝑙𝑙
𝑠𝑠⟶0

𝑦𝑦(𝑠𝑠)𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑖𝑖𝑖𝑖 𝑋𝑋 . 

Notation. 

Arcwise completeness is weaker than usual completeness even if in an 
arcwise connected space , so is Lipschitz-completeness . It is obvious from 
the definitions that Lipschitz-completeness is weaker than Arcwise 
completeness. 

 proposition 2.1[6]    Let  X  be a Banach space . 

  X  is arcwise-compete  if ∩ 𝐹𝐹𝑛𝑛 ≠ ∅  whenever {𝐹𝐹𝑛𝑛:𝑛𝑛 ∈ 𝑁𝑁} is a sequence of 
arcwise connected and non empty closed subset of  X   with 𝐹𝐹𝑛𝑛+1 ⊂ 𝐹𝐹𝑛𝑛 and 
sup(𝐹𝐹𝑛𝑛) = 0 

Proof: Let  X  be an arcwise-compete  space. {𝐹𝐹𝑛𝑛:𝑛𝑛 ∈ 𝑁𝑁} is a sequence of 
arcwise connected and nonempty closed subset of  X  with 𝐹𝐹𝑛𝑛+1 ⊂ 𝐹𝐹𝑛𝑛 and 
sup(𝐹𝐹𝑛𝑛) = 0 . 
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 For each  𝐹𝐹𝑛𝑛 choose 𝑥𝑥𝑛𝑛  ∈  𝐹𝐹𝑛𝑛. Define  g  is follows: 

𝑦𝑦(𝑠𝑠) = y𝑛𝑛(2𝑛𝑛+1𝑠𝑠 − 1),∀  
1

2𝑛𝑛+1
< 𝑠𝑠 <

1
2𝑛𝑛

 ,𝑛𝑛 = 1,2, … 

Where  y𝑛𝑛 ∶ [0,1] ⟶ 𝐹𝐹𝑛𝑛 such that 𝑦𝑦𝑛𝑛(0) = 𝑥𝑥𝑛𝑛+1,𝑔𝑔𝑛𝑛(1) = 𝑥𝑥𝑛𝑛. Since  
sup(𝐹𝐹𝑛𝑛) = 0,  

y is semi-closed in  X  and 𝑙𝑙𝑙𝑙𝑙𝑙
𝑠𝑠→0

𝑦𝑦(𝑠𝑠) = 𝑥𝑥 � ∈ 𝑋𝑋 (𝑏𝑏𝑏𝑏 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 −
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑜𝑜𝑜𝑜  𝑋𝑋  ). 

y(s)∈  𝐹𝐹𝑛𝑛 for all s∈ �0, 1
2𝑛𝑛
� , 𝑥̅𝑥 ∈  𝐹𝐹𝑛𝑛 (𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝐹𝐹𝑛𝑛 𝑖𝑖𝑖𝑖 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ) this implies that ∩

𝐹𝐹𝑛𝑛 ≠ ∅ . ∎ 

3-TWO  RESTRICTION  OF  THE  CARISTI  
THEOREM 

the assumption of theorem (2.2)[Zermelo's theorem of fixed point]can be 
weakened to ,,each nonempty well-ordered subset has an upper 
bound       Under the axiom of choice ,  ,,[see ,4 ]. 

The following result is independent of axiom of choice. 

Theorem (3.1) [ 5 ] 

       The Zermelo's theorem implies the restricition of Caristi's theorem to 
continuous function  . more precisely, if T is a self-map of a complete 
metric  space (X,d) such that   

d(x,Tx) ≤ φ(x) – φ(Tx)   for all x∈X. 

with a continuous function :X⟶ R+,then T and X endowed with the 
condition   

x ≼ y  if    d(x,y) ≤ φ(x) – φ(y). 
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 satisfy the assumption of theorem (2.2) 

proof: 

     Let  be the partial ordering defined on X by x  y if d(x,y)≤φ(x)–φ(y). 

by condition: 

d(x,Tx) ≤ φ(x) – φ(y)   for all  x ∈ X. 

Clearly that T is a progressive map on (X, ) . 

Let C be anonempty well-ordered sub set of (X, ) . 

We treat C as a net ,let {xσ} σ ∈ C is couchy ,hance convergent to some 
x0,and  xσ  ≼  x0. 

Now to show that  x0= sup C . 

By the convergence we get 

d (xσ,x0) ≤  φ(xσ) – φ(x0)    for  all σ ∈ C 

That mean x0 is anupper bound of C . 

Let x be an arbitrary upper of C. Then 

d(x0,x)  ≤ d(x0, xσ) + d(xσ,x) ≤ d(x0, xσ) + φ(x0) −  φ(x) 

So by taking limit and by continuity  we obtain that: 

d(x0,x)  ≤  φ(x0) –φ(x) . 

So x0 = sup C.  
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 In fact the Zermelo theorem implies the Banach contraction principle. 

Now to prove that the theorem (2.2) applies 

Let T: X ⟶ X be a Banach contraction with a constant ∝ ∈(0,1). 

Let φ(x)=(1-∝ )-1 d(x,Tx) for x  X. 

Since  is continuous so every non-empty well-ordered subset in (X, )has a 
supremum and T is progressive (X, ).  

Thus ,the following theorem show that, when the metric is fixed, Caristi's 
theorem is more general than its version involving a continuous function 
convered by Zermelo's theorem . 

Theorem (3.2) 

       Let (X,d) be a matric space. If X has a limit point ,then there exists a 
mapping T on X such that none of iterates of T Satisfies 
(d(x,Tx≤φ(x)-φ(Tx)) for any continuous function Ψ:X ⟶ R. 

Proof 

     Let 𝑥𝑥0 be a limit point of X .There exists a sequence (𝒙𝒙𝟎𝟎)𝒏𝒏=𝟏𝟏∞  such that 

 𝒙𝒙𝒏𝒏 → 𝒙𝒙𝟎𝟎,𝒙𝒙𝒏𝒏 ≠ 𝒙𝒙𝟎𝟎 𝒂𝒂𝒂𝒂𝒂𝒂 𝒙𝒙𝒊𝒊 ≠ 𝒙𝒙𝒋𝒋 𝒊𝒊𝒊𝒊 𝒊𝒊 ≠ 𝒋𝒋. Consider an arbitrary partition of  
ℕ: 

F = ��𝒌𝒌𝒏𝒏
(𝑗𝑗):𝒏𝒏 ∈ R �

𝒋𝒋∈ℕ

 

where   𝒌𝒌𝒏𝒏
(𝒋𝒋) < 𝒌𝒌𝒏𝒏+𝟏𝟏

(𝒋𝒋)   𝒂𝒂𝒂𝒂𝒂𝒂   𝒌𝒌𝒏𝒏
(𝒋𝒋) ≠ 𝒌𝒌𝒎𝒎

(𝒊𝒊)  𝒊𝒊𝒊𝒊   𝒊𝒊 ≠
𝒋𝒋.𝑭𝑭𝑭𝑭𝑭𝑭 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅  
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𝒚𝒚𝒏𝒏

(𝒋𝒋) = 𝒙𝒙𝒌𝒌𝒏𝒏
(𝒋𝒋)   𝒇𝒇𝒇𝒇𝒇𝒇  𝒋𝒋,𝒏𝒏 ∈ R 𝒂𝒂𝒂𝒂𝒂𝒂   𝒚𝒚𝒐𝒐

(𝒋𝒋) = 𝒙𝒙𝟎𝟎   𝒇𝒇𝒇𝒇𝒇𝒇  𝒋𝒋 ∈ R. 

Then 𝒚𝒚𝒏𝒏
(𝒋𝒋) → 𝒙𝒙𝟎𝟎  𝒂𝒂𝒂𝒂  𝒏𝒏 →

∞.𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯 ,𝒃𝒃𝒃𝒃 𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒕𝒕𝒕𝒕 𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 𝒊𝒊𝒊𝒊 𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏,we may 
assume that for all  𝒋𝒋,𝒏𝒏 ∈ R,  

𝒅𝒅(𝒚𝒚𝒏𝒏
(𝒋𝒋),𝒙𝒙𝟎𝟎)  < 𝟏𝟏   𝒂𝒂𝒂𝒂𝒂𝒂  𝒅𝒅(𝒚𝒚𝒏𝒏

(𝒋𝒋),𝒚𝒚𝒎𝒎
(𝒋𝒋)) < 𝟏𝟏 𝟐𝟐𝒏𝒏  𝒇𝒇𝒇𝒇𝒇𝒇  𝒎𝒎 > 𝒏𝒏   . . . . . . . . . . .⁄ (1) 

We define a mapping T . Set T𝒙𝒙𝟎𝟎 = 𝒙𝒙𝟎𝟎 and 𝒇𝒇𝒇𝒇𝒇𝒇  𝒋𝒋 ∈ R,  

𝑻𝑻𝒚𝒚𝒏𝒏
(𝒋𝒋) = 𝒚𝒚𝒏𝒏−𝟏𝟏

(𝒋𝒋)  𝒇𝒇𝒇𝒇𝒇𝒇  𝒏𝒏 = 𝟏𝟏, . . . , 𝒋𝒋  𝒂𝒂𝒂𝒂𝒂𝒂 𝑻𝑻𝒚𝒚𝒏𝒏
(𝒋𝒋) = 𝒚𝒚𝒋𝒋

(𝒋𝒋)  𝒇𝒇𝒇𝒇𝒇𝒇  𝒏𝒏 > 𝒋𝒋. 

Denote 𝑿𝑿𝟎𝟎 = {𝒙𝒙𝟎𝟎}⋃�𝒚𝒚𝒏𝒏
(𝒋𝒋): 𝒋𝒋,𝒏𝒏 ∈ ℕ� 𝒂𝒂𝒂𝒂𝒂𝒂 𝒔𝒔𝒔𝒔𝒔𝒔 𝑻𝑻𝑻𝑻 = 𝒙𝒙  𝒇𝒇𝒇𝒇𝒇𝒇 𝒙𝒙 ∈ 𝑿𝑿\𝑿𝑿𝟎𝟎. 

We define a function 𝒈𝒈.𝑺𝑺𝑺𝑺𝑺𝑺 𝝋𝝋(𝒙𝒙𝟎𝟎) = 𝟎𝟎  𝒂𝒂𝒂𝒂𝒂𝒂 𝒇𝒇𝒇𝒇𝒇𝒇  𝒋𝒋 ∈ R, 

𝒈𝒈(𝒚𝒚𝒏𝒏
(𝒋𝒋)) = �𝒅𝒅(𝒚𝒚𝒊𝒊−𝟏𝟏

(𝒋𝒋)
𝒏𝒏

𝒊𝒊=𝟏𝟏

,𝒚𝒚𝒊𝒊
(𝒋𝒋))  𝒇𝒇𝒇𝒇𝒇𝒇  𝒏𝒏 = 𝟏𝟏, . . . , 𝒋𝒋, 

𝒈𝒈(𝒚𝒚𝒏𝒏
(𝒋𝒋)) = �𝒅𝒅(𝒚𝒚𝒊𝒊−𝟏𝟏

(𝒋𝒋)
𝒋𝒋

𝒊𝒊=𝟏𝟏

,𝒚𝒚𝒊𝒊
(𝒋𝒋)) + 𝒅𝒅(𝒚𝒚𝒏𝒏

(𝒋𝒋),𝒚𝒚𝒋𝒋
(𝒋𝒋))  𝒇𝒇𝒇𝒇𝒇𝒇  𝒏𝒏 > 𝒋𝒋. 

It is easily seen that by (1) , for all  n∈ R 𝒂𝒂𝒂𝒂𝒂𝒂 𝑗𝑗 > 𝟏𝟏, 

𝒈𝒈(𝒚𝒚𝒏𝒏
(𝒋𝒋)) ≤ 𝒅𝒅(𝒙𝒙𝟎𝟎,𝒚𝒚𝟏𝟏

(𝒋𝒋)) + �𝒅𝒅(𝒚𝒚𝒊𝒊−𝟏𝟏
(𝒋𝒋) ,𝒚𝒚𝒊𝒊

(𝒋𝒋)) + 𝟏𝟏 𝟐𝟐𝒋𝒋⁄
𝒋𝒋

𝒊𝒊=𝟐𝟐

 

< 𝟏𝟏 + �𝟏𝟏 𝟐𝟐𝒊𝒊−𝟏𝟏⁄
𝒋𝒋

𝒊𝒊=𝟐𝟐

+ 𝟏𝟏 𝟐𝟐𝒋𝒋⁄ < 𝟏𝟏 + �𝟏𝟏 𝟐𝟐𝒊𝒊 = 𝟐𝟐,⁄
∞

𝒊𝒊=𝟏𝟏
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 While𝒈𝒈(𝒚𝒚𝟏𝟏
(𝒋𝒋)= 𝒅𝒅�𝒙𝒙𝟎𝟎,𝒚𝒚𝟏𝟏

(𝒋𝒋)� < 𝟏𝟏 𝒔𝒔𝒔𝒔 𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 𝝋𝝋�𝒚𝒚𝒏𝒏
(𝒋𝒋)� < 𝟐𝟐  𝒇𝒇𝒇𝒇𝒇𝒇 𝒂𝒂𝒂𝒂𝒂𝒂 𝒋𝒋,𝒏𝒏 ∈

R.𝑭𝑭𝑭𝑭𝑭𝑭 𝒙𝒙 ∈ 𝑿𝑿\𝑿𝑿𝟎𝟎 

, 𝒔𝒔𝒔𝒔𝒔𝒔  𝒈𝒈(𝒙𝒙) = 𝟐𝟐. 

Now we show that 𝒈𝒈 is lsc . Since for all 𝒙𝒙 ∈ 𝑿𝑿,𝒈𝒈(𝒙𝒙) ≥ 𝟎𝟎 =
𝒈𝒈(𝒙𝒙𝟎𝟎),𝒈𝒈 𝒊𝒊𝒊𝒊 𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍 𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 𝒂𝒂𝒂𝒂 𝒙𝒙𝟎𝟎.𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺 , 𝒊𝒊𝒊𝒊 𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇 , 

𝑿𝑿𝟎𝟎 = {𝒙𝒙𝒏𝒏:𝒏𝒏 ∈ ℕ}⋃{𝒙𝒙𝟎𝟎} 𝒂𝒂𝒂𝒂𝒂𝒂 𝒙𝒙𝒏𝒏
→ 𝒙𝒙𝟎𝟎,𝒘𝒘𝒘𝒘 𝒈𝒈𝒈𝒈𝒈𝒈 𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 𝑿𝑿𝟎𝟎𝒅𝒅 , 𝒕𝒕𝒕𝒕𝒕𝒕 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 𝒔𝒔𝒔𝒔𝒔𝒔 𝒐𝒐𝒐𝒐 𝑿𝑿𝟎𝟎. 

Since the set 
X\𝑿𝑿𝟎𝟎 𝒊𝒊𝒊𝒊 𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐 𝒂𝒂𝒂𝒂𝒂𝒂 𝝋𝝋 𝒊𝒊𝒊𝒊 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 𝒐𝒐𝒐𝒐 𝒊𝒊𝒊𝒊 ,𝝋𝝋 𝒊𝒊𝒊𝒊 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 𝒂𝒂𝒂𝒂 𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆 poin
t x∈ 𝑿𝑿\𝑿𝑿𝟎𝟎 . 

Now suppose, there exist a  𝜿𝜿 ∈ ℕ and a 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 function£:𝑿𝑿⟼ ℝ 
such that (∗) holds with 𝑻𝑻𝒌𝒌 substituted for T . Observe that for all  n >  𝜿𝜿,  

𝑻𝑻𝜿𝜿𝒚𝒚𝒏𝒏
(𝜿𝜿) = 𝒚𝒚𝟏𝟏

(𝜿𝜿) 𝒔𝒔𝒔𝒔 𝒃𝒃𝒃𝒃 (∗),𝒅𝒅(𝒚𝒚𝒏𝒏
(𝜿𝜿),𝑻𝑻𝜿𝜿𝒚𝒚𝒏𝒏

(𝜿𝜿)) = 𝒅𝒅(𝒚𝒚𝒏𝒏
(𝜿𝜿),𝒚𝒚𝟏𝟏

(𝜿𝜿))
≤ £(𝒚𝒚𝒏𝒏

(𝜿𝜿)) − £(𝒚𝒚𝟏𝟏
(𝜿𝜿)). 

Hence taking the limit with  n→ ∞ yields 

𝒅𝒅�𝒙𝒙𝟎𝟎,𝒚𝒚𝟏𝟏
(𝜿𝜿)� ≤ £(𝒙𝒙𝟎𝟎) − £(𝒚𝒚𝟏𝟏

(𝜿𝜿))    . . . . . . . . . . . . (𝟐𝟐) 

On the other hand ,by (∗) 𝒘𝒘𝒘𝒘 𝒈𝒈𝒈𝒈𝒈𝒈   𝒅𝒅(𝒚𝒚𝟏𝟏
(𝜿𝜿),𝑻𝑻𝜿𝜿𝒚𝒚𝟏𝟏

(𝜿𝜿)) = 𝒅𝒅(𝒚𝒚𝟏𝟏
(𝜿𝜿),𝒙𝒙𝟎𝟎) ≤

 £(𝒚𝒚𝟏𝟏
(𝜿𝜿)) − £(𝒙𝒙𝟎𝟎). 

Hence and by (2) we obtain that 𝒚𝒚𝟏𝟏
(𝜿𝜿) =

𝒙𝒙𝟎𝟎,𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 𝒚𝒚𝒚𝒚𝒚𝒚𝒚𝒚𝒚𝒚𝒚𝒚 𝒂𝒂 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 .∎  
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 4- THE EQUIVALENT BETWEEN COMPLETENESS AND 
THE CONTRACTION PROPERTY. 

In this section , we consider the equivalence relation between completeness 
and the contraction principle in the sense of the equivalence metric . 

Theorem 4.1 [𝟖𝟖]  Let T  operate on a metric space (X,𝝆𝝆) . There exists 
abounded metric 𝝈𝝈 uniformly equivalent to  𝝆𝝆 on  X  such that  T  is a Banach 
contraction under  𝝈𝝈  if and only if  T  is uniformly continuous and 
diam(𝑻𝑻𝒏𝒏𝑿𝑿) → 𝟎𝟎. 

Theorem 4.2 [𝟐𝟐]  Let (X,d) be a Banach space. If  X  has the strong 
contraction property, then  X  is arcwise-complete. 

Proof: Let  𝑿𝑿� be the completion of  X     ¥(o,1] → 𝑿𝑿  be a semi-closed arc and  

 𝒙𝒙� = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒔𝒔→𝟎𝟎

¥(𝒔𝒔).  Set ¥(0) = 𝒙𝒙�   𝒂𝒂𝒂𝒂𝒂𝒂   𝑿𝑿′ = 𝑿𝑿 ∪ {𝒙𝒙�}. Then  g continuously 
extends  to  a mapping on [𝟎𝟎,𝟏𝟏]. 

Observe that ¥(s)→ 𝒙𝒙�  𝒂𝒂𝒂𝒂  𝒔𝒔 → 𝟎𝟎 . For each number sequence {𝝐𝝐𝒌𝒌}𝒌𝒌=𝟏𝟏∞  with 
𝟏𝟏 = 𝝐𝝐𝟎𝟎 > 𝝐𝝐𝟏𝟏 > 𝝐𝝐𝟐𝟐 >... and  𝝐𝝐𝒌𝒌 → 𝟎𝟎  𝒂𝒂𝒂𝒂  𝒌𝒌 → ∞, there exists a sequence 
{𝜹𝜹𝒌𝒌}𝒌𝒌=𝟏𝟏∞  such that  𝟎𝟎 ≤ 𝜹𝜹𝒌𝒌+𝟏𝟏 < 𝜹𝜹𝒌𝒌 ≤ 𝝐𝝐𝒌𝒌  𝒂𝒂𝒂𝒂𝒂𝒂 

(4,1)                                    𝒅𝒅�¥(𝒕𝒕′)¥(𝒕𝒕′′)� < 𝝐𝝐𝒌𝒌,     ∀𝟎𝟎 ≤ 𝒕𝒕′, 𝒕𝒕′′ < 𝜹𝜹𝒌𝒌 . 

Let 𝒅𝒅�(𝒙𝒙,𝒚𝒚) =  𝒅𝒅(𝒙𝒙,𝒚𝒚)
𝟏𝟏+𝒅𝒅(𝒙𝒙,𝒚𝒚)

 𝒂𝒂𝒂𝒂𝒂𝒂  𝒉𝒉: 𝑿𝑿′ → [𝟎𝟎,𝟏𝟏] 𝒃𝒃𝒃𝒃 𝒈𝒈𝒈𝒈𝒈𝒈𝒈𝒈𝒈𝒈 𝒃𝒃𝒃𝒃 

h (x)= �

𝜹𝜹𝒌𝒌+𝟏𝟏
𝟐𝟐𝒌𝒌+𝟏𝟏

. 𝒅𝒅
�(𝒙𝒙,𝒙𝒙�)−𝝐𝝐𝒌𝒌−𝟏𝟏
𝝐𝝐𝒌𝒌−𝝐𝝐𝒌𝒌−𝟏𝟏

+ 𝜹𝜹𝒌𝒌
𝟐𝟐𝒌𝒌

. 𝝐𝝐𝒌𝒌−𝒅𝒅
�(𝒙𝒙,𝒙𝒙�)

𝝐𝝐𝒌𝒌−𝝐𝝐𝒌𝒌−𝟏𝟏
,   𝝐𝝐𝒌𝒌 < 𝒅𝒅�(𝒙𝒙,𝒙𝒙�) ≤ 𝝐𝝐𝒌𝒌−𝟏𝟏 ,𝒌𝒌 = 𝟏𝟏,𝟐𝟐, …

𝟎𝟎 ,                                                                                                        𝒙𝒙 = 𝒙𝒙�
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 Define  T:𝑿𝑿′ → 𝑿𝑿′  𝒃𝒃𝒃𝒃   

T=g 𝜪𝜪 𝒉𝒉. 

each x ∈ 𝑿𝑿 , we have 

|𝒉𝒉(𝒙𝒙) − 𝟎𝟎| = �𝜹𝜹𝒌𝒌+𝟏𝟏
𝟐𝟐𝒌𝒌+𝟏𝟏

. 𝒅𝒅
�(𝒙𝒙,𝒙𝒙�)−𝝐𝝐𝒌𝒌−𝟏𝟏
𝝐𝝐𝒌𝒌−𝝐𝝐𝒌𝒌−𝟏𝟏

+ 𝜹𝜹𝒌𝒌
𝟐𝟐𝒌𝒌

. 𝝐𝝐𝒌𝒌−𝒅𝒅
�(𝒙𝒙,𝒙𝒙�)

𝝐𝝐𝒌𝒌−𝝐𝝐𝒌𝒌−𝟏𝟏
� ≤ 𝜹𝜹𝒌𝒌+𝟏𝟏

𝟐𝟐𝒌𝒌+𝟏𝟏
+ 𝜹𝜹𝒌𝒌

𝟐𝟐𝒌𝒌
<  𝜹𝜹𝒌𝒌. 

By (4,1) 

𝒅𝒅(𝑻𝑻𝑻𝑻,𝒙𝒙�) = 𝒅𝒅 �¥�𝒉𝒉(𝒙𝒙)�� , ¥(𝟎𝟎) < 𝝐𝝐𝒌𝒌. 

Assume 𝝐𝝐𝒌𝒌′+𝟏𝟏  <  𝒅𝒅�(𝑻𝑻𝑻𝑻,𝒙𝒙�) ≤ 𝝐𝝐𝒌𝒌′ where  𝒌𝒌′ ≥ 𝒌𝒌.Then  

|𝒉𝒉(𝑻𝑻𝑻𝑻) − 𝟎𝟎| = �
𝜹𝜹𝒌𝒌′+𝟐𝟐

𝟐𝟐𝒌𝒌′+𝟐𝟐 .
𝒅𝒅�(𝒙𝒙,𝒙𝒙�)−𝝐𝝐𝒌𝒌′

𝝐𝝐𝒌𝒌′+𝟏𝟏−𝝐𝝐𝒌𝒌′
+

𝜹𝜹𝒌𝒌′+𝟏𝟏

𝟐𝟐𝒌𝒌′+𝟏𝟏 .
𝝐𝝐𝒌𝒌′+𝟏𝟏−𝒅𝒅�(𝒙𝒙,𝒙𝒙�)

𝝐𝝐𝒌𝒌′+𝟏𝟏−𝝐𝝐𝒌𝒌′
� ≤

𝜹𝜹𝒌𝒌′+𝟐𝟐

𝟐𝟐𝒌𝒌′+𝟐𝟐 +
𝜹𝜹𝒌𝒌′+𝟏𝟏

𝟐𝟐𝒌𝒌′+𝟏𝟏 < 𝜹𝜹𝒌𝒌+𝟏𝟏. 

By (4.1) 𝒅𝒅(𝑻𝑻𝟐𝟐𝒙𝒙,𝑿𝑿�) = 𝒅𝒅(¥�𝒉𝒉(𝑻𝑻𝑻𝑻),𝒈𝒈(𝟎𝟎)�) < 𝝐𝝐𝒌𝒌+𝟏𝟏. 

Hence        𝒅𝒅(𝑻𝑻𝒏𝒏𝒙𝒙,𝒙𝒙�) < 𝝐𝝐𝒌𝒌(𝒏𝒏 − 𝟏𝟏) ≤ 𝝐𝝐𝒏𝒏,∀𝒙𝒙 ∈  𝑿𝑿′. 

We get         diam(𝑻𝑻′(𝑿𝑿′)) → 𝟎𝟎 𝒂𝒂𝒂𝒂  𝒏𝒏 →
∞  𝒂𝒂𝒂𝒂𝒂𝒂 𝒕𝒕𝒕𝒕𝒕𝒕 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 𝒐𝒐𝒐𝒐 𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻 𝟒𝟒.𝟏𝟏 𝒂𝒂𝒂𝒂𝒂𝒂 𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔. 

By Theorem 4.1, there is a metric  𝒅𝒅∗ uniformly equivalent to  d  such that 
𝑻𝑻:𝑿𝑿′ → 𝑿𝑿′ is  a Banach contraction mapping with respect to 𝒅𝒅∗. Thus 𝒙𝒙� is the 
unique fixed point of  T  in  𝑿𝑿′.Finally observe that  T:X→X  and  X  has the 
strong contraction property .   ∎     

Theorem 4.3 [𝟗𝟗]  Let (X,d) be a locally arcwise-connected metric. If  X  
is arcwise-complete, then  X  has the strong contraction property . 

Proof: Let 𝐝𝐝∗ be a metric uniformly equivalent to  d, T:X→X a metric 
contraction under 𝐝𝐝∗with contraction constant 𝟎𝟎 ≤ 𝐡𝐡 < 𝟏𝟏. 
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 Note that  T  is contractive and  𝐝𝐝∗ is uniformly equivalent to  d .Select, as we 
may ,𝐱𝐱𝟎𝟎 in  X  with 𝐝𝐝(𝐱𝐱𝟎𝟎,𝐓𝐓𝐱𝐱𝟎𝟎) < 𝛅𝛅 and arc  𝐠𝐠𝟎𝟎: [𝟎𝟎,𝟏𝟏] →
𝐗𝐗 𝐰𝐰𝐰𝐰𝐰𝐰𝐰𝐰𝐰𝐰 𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜  𝐱𝐱𝟎𝟎 𝐚𝐚𝐚𝐚𝐚𝐚 𝐓𝐓𝐱𝐱𝟎𝟎.For each  k ∈ N, define 𝐠𝐠𝐤𝐤: [𝟎𝟎,𝟏𝟏] →
𝐗𝐗  𝐛𝐛𝐛𝐛  𝐠𝐠𝐤𝐤(𝐬𝐬) = Tkg0(s)for all s ∈ [0,1] .Then gk connects  xk =
Tk(x0)and xk+1 = Tk+1(x0) for each  k ∈ N.Now {Tnx0} is a Cauchy 
sequence under d∗ ,so that it is also a Cauchy sequence under  d.                     
                                          

Define  g(0,1]→ X by  

g(s) = gk�2k+1s − 1�,   ∀ 1
2k+1

< 𝑠𝑠 ≤ 1
2k

,    k=1,2,… 

since T  is a metric contraction ,it follows that  g is a semi-closed arc, g(s)→
x∗ ∈ X as s → 0 and {Tnx0} → x∗.Finally, observe that {Tnx0} is a Cauchy 
sequence under  d .Then x∗ is the fixed point of  T . ∎                                  

    Theorem 4.3 can be considered as a generalization of the Banach 
contraction principle under weaker completeness. 

Combining Theorem 4.2 and 4.3 ,we have the following theorems. 

Theorem 4.4  Let  X  be a locally arcwise-connected metric space. Then  
X  is arcwise-complete  if and only if  X  has the strong contraction property . 
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